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Chapter 1
Introduction
This work follows that of Kuo and Paunescu [8]. The aim is to work towards finding
a stratification of the jet space which is more precise than classification by topological
type, but not so fine as to require moduli. Morse stability, defined in the above paper,
is an equivalence relation for germs which is stronger than topological equivalence. In
this work a modified version of Morse stability is used to classify the jet space Jn(2,1)(C)
for n ≤ 6.
Under topological equivalence, two jets f and g are equivalent if there is a germ
of homeomorphism h such that f = g ◦ h. Morse equivalence requires a deformation
F (x, y, t) within the jet space such that F (x, y, 0) = f(x, y), F (x, y, 1) = g(x, y), that
for each t ∈ C2 with |t| ≤ 1, ft = F (x, y, t) is topological equivalent to f , and also places
some equivalence conditions on the polars of ft. Topologically speaking, the structure
of the polars of f is preserved when the polars are truncated at their respective order
of contact with the roots of f .
More specifically, we construct the tree model [6] of the roots of f , which is a structure
formed by taking the equivalence classes of the distinct roots under the relation defined
by the order of contact between the roots. Each equivalence class is called a bar. From
[5], and [10] two germs are topologically (right) equivalent if and only if their tree models
coincide. We associate each polar with the bar with which it has the highest order of
contact.
Let f(x, y) = Hk(x, y)+Hk+1(x, y)+ . . . be the Taylor expansion of the germ f . We
say f is mini-regular if Hk(1, 0) 6= 0. For f mini regular, λ a Puiseux fractional power
series x = λ(y) we define the valuation of λ with respect to f to be the pair consisting
of the coefficient and exponent of the lowest order term in f(λ(y), y). If λ is a root of f
the valuation of λ is zero.
For a deformation Ft to be Morse stable, in addition to preserving the tree of f it
must also preserve the truncated polars and additionally for any two polars γ and λ
which are on the same bar, if valf (λ) = valf (γ), then valft(λt(y), y) = valft(γt(y), y)
where γt and λt are the corresponding polars of ft.
The original definition uses the standard polars, the roots of fx ( = ∂f/∂x) = 0.
For the classification of jet spaces this is undesirable as the classification would not be
preserved by linear coordinate change. For example, the jets g(x, y) = x3 + y3 and
h(x, y) = x3 + xy2 are not Morse equivalent under the original definition, as gx has one
polar x = 0 while hx has two polars x = ± i√3y.
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Consider the generic polars of g, the roots of gx + cgy = 3x
2 + 3cy2 = 0. These are
x = ±√cy, so for c 6= 0 there are two generic polars. Similarly, for h the generic polars
are the roots of 3x2 + 2cxy + y2 = 0. There will be two generic polars for c 6= ±√3.
Hence both g and h have two generic polars. To prove they are Morse equivalent we
would also need to prove the existence of a Morse stable deformation connecting them,
which follows from the fact that all homogeneous cubic polynomials with three roots
will have two generic polars, and that those are dense in the space of all homogeneous
cubics.
The second chapter contains the background to the work, recalls the definition of
Morse stability and gives our modified version. The third chapter is the technical part
of this work, giving some general results about the Morse stable classification along with
some lemmas which are helpful in classifying the low order jet spaces.
The fourth chapter contains the classification of J4(2,1)(C), along with its proof. This
is mostly similar to the classification by topological type, with one additional strata: the
stratum containing x2+xy3 and the stratum containing (x+y2)2+x3 are distinct under
the Morse stable classification of J4(2,1)(C), but are equivalent under the classification
by topological type. They are however equivalent in the Morse stable classification of
J5(2,1)(C) by lemma 3.9.
The first section of the fifth chapter contains the classification of J5(2,1)(C). There
are five additional strata compared to the classification by topological type, all of which
are pairs of strata which are topologically equivalent. Four of these are pairs which
are also Morse equivalent in J6(2,1)(C), and all higher order jet spaces. However, the
stratum containing x3 + xy4 and the stratum containing x3 + 3x2y2 + 3xy4 are not
Morse equivalent in any higher order jet space.
Specifically, the roots of g(x, y) = x3 + xy4 are x = 0 and x = ±iy2. Likewise,
h(x, y) = x3 + 3x2y2 + 3xy4 has x = 0 as a root and two roots of order 2. So they
have the same tree. The generic polars of x3 + xy4 are x = ± i√
3
y2 +H.O.T. , while the
generic polars of x3 + 3x2y2 + 3xy4 are x = −y2 ±√2cy3 +H.O.T. . As the only bar of
the tree of x3 +xy4 is of order two, the truncated generic polars of g will be x = ± i√
3
y2.
Similarly, the bar of x3 + 3x2y2 + 3xy4 is of order two, so the truncated generic polar of
h will be x = −y2, with multiplicity two. Hence these two jets are not Morse equivalent.
In this case the generic polars give the same classification as the standard polars.
This is true for any weighted homogeneous polynomial f(x, y), as the terms involving
the generic constant c will occur above the Newton polygon of fx. In fact, by proposition
3.3 this is in fact true for any jet which does not have a bar of order one (or alternatively
has no linear generic polars).
The second section of chapter five is a series of diagrams showing the images of the
strata under projection from J5(2,1)(C) to lower order jet spaces,
J5(2,1)(C)
pi4−→ J4(2,1)(C)
pi3−→ J3(2,1)(C)
pi2−→ J2(2,1)(C)
pi1−→ J1(2,1)(C) .
The sixth chapter contains the classification of J6(2,1)(C). There are at least 22 strata.
Compared to classification by topological type there are 9 extra cubic strata, 12 extra
quartic strata and at least one extra quadratic stratum.
The task of determining the precise number of quadratic strata will be undertaken in
a new project (due to the complexity of the polynomials involved it is not a trivial feat).
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However, by proposition 3.8, in sufficiently high order jet spaces any pair of quadratic jets
which are equivalent under topological equivalence will be Morse equivalent. Specifically
the extra quadratic strata from J6(2,1)(C) will be Morse equivalent in J
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(2,1)(C).
All of the extra quadratic and cubic strata consist of pairs of strata which are topo-
logically equivalent but not Morse equivalent in J6. All the extra quadratic strata
are due to the deformation requirement, and will come together in sufficiently high jet
spaces. All but three of the extra cubic strata are due to the deformation requirement.
The additional strata consist of three pairs of topologically equivalent strata which have
a different number of polars, and are as follows:
(x3 + xy4, x3 + y6),(
(x+ y2)3 + x3y3, (x+ y2)3 + x2y4 + x3y2
)
, and(
(x+ y2)3 + x6, (x+ y2)3 + x5 + x4y2
)
.
The latter two pairs are equivalent in sufficiently high jet spaces to (x3 + y9, x3 + xy6)
and (x3 + y12, x3 + xy9) respectively.
In general the strata x3 + xy2k and x3 + y3k are the only topologically equivalent
cubic strata that split under Morse stability and remain distinct in any jet space. The
other strata split due to the deformation requirement and eventually join. This means
that the Morse classification of a cubic stratum is determined only by its tree model
with polars as defined in Kuo-Lu [6].
Eight of the extra quartic strata are due to the deformation condition and join in
higher jet spaces. Three are pairs of strata with the same topological type but a different
number of polars. The final extra stratum is due to the valuation condition. Specifically
the jets x4+x2y4 and x4+x3y2+x2y4 have the same tree and number of polars. However,
for x4+x2y4, the two non-zero polars have the same valuation, while for x4+x3y2+x2y4
all three polars have different valuations. Hence these jets are not Morse equivalent.
In general the extra quartic strata from the deformation condition will come together
in higher jet spaces. So the Morse classification for quartics is determined by the tree
model with polars, plus the valuation of the polars. An interesting question is whether
this is true for quintic or higher polynomials.
It is also noteworthy that the number of extra low order strata compared to the
classification by topological type is lower than expected. This is due to the polar and
valuation conditions not adding any quadratic strata, and only one extra family of cubic
strata. For quartic strata there are six new families and for quintic there will be 23.
These quintics do not appear in J6(2,1)(C) due to the use of the generic polar.
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Chapter 2
Definition of Morse Equivalence
In this chapter we define Morse equivalence using the notion of a Morse stable deforma-
tion, which was introduced in the paper of Kuo and Paunescu [8].
Throughout this section, let f(x, y) be an analytic map germ at 0 of a map C2 → C.
Note that although we will use Puiseux series with potentially fractional exponents, we
always choose the Puiseux expansion with order at least 1, for example using x = y2
instead of y = x
1
2 .
We start with some definitions. Let {ri} be the set of Newton-Puiseux roots of f ,
and λ a Puiseux fractional power series in C2 at 0, O(λ(y)) ≥ 1. Denote the space of all
such Puiseux series by M1.
The height of λ relative to f is
hf (λ) = max(O(λ− ri)) ,
where O(λ) denotes the order of λ.
The truncation of λ with respect to f , denoted by λf , is λ with all terms of order
greater than hf (λ) deleted.
The Lojasiewicz exponent Lf (λ) of an arc λ with respect to f is the order of
f(λ(y), y). If λ is a root then we say Lf (λ) =∞.
The valuation of λ at f , valf (λ), is the pair consisting of the coefficient and the
exponent of the lowest order term in f(λ).
The valuation function of f is the function defined on M1 that maps an arc λ to the
lowest order term in f(λ).
Specifically, if x = λ(y) is the Puiseux expansion of λ (or y = λ(x), but by applying
a change of coordinates if necessary we assume all the roots will have expansions of the
form x = λ(y)) then we can substitute this into the expression f = u(x, y)
∏
i(x−ri(y)),
where u(0, 0) 6= 0 and ri(y) are the Puiseux expansions of the roots. The pair consisting
of coefficient and exponent of the lowest order term in this expansion is valf (λ).
We shall now define the tree model of f =
∏
i(x− ri(y)), introduced by Kuo and Lu
in [6]. To construct the tree of f , we first draw a vertical segment, called the main trunk
and write next to it the multiplicity of f . Let b1 = min{O(ri − rj}). We now draw a
horizontal line, called a bar, touching the top of the trunk and mark it with the number
b1, which is the height of the bar. Now we divide the roots into groups which have
order of contact greater than b1. For each such group, we draw a vertical segment,
called a trunk, and write next to it the number of members in that group. This is
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the multiplicity of the trunk. If the trunk is of multiplicity 1, it is called a twig, and
we will omit its multiplicity. For each trunk T with multiplicity greater than 1, let
bT = min{O(ri− rj |ri, rj ∈ T}). We then draw a bar at the top of the trunk, and mark
it bT . This procedure is repeated until all new trunks are of multiplicity 1.
The result of this procedure is called the tree model of f . For more details see
Kuo-Lu [6].
Another useful construction is the Newton polygon, defined as follows.
The Newton diagram for f(x, y), is obtained by plotting a dot in R2 at (i, j/N) for
each aij 6= 0.
Consider the area constructed by translating the quadrant (R+)2 to each Newton
dot in the Newton diagram of f . The boundary of the convex hull of the area defined
above is called the Newton polygon of f . This consists of a horizontal half line joined to
a vertical half line by a polygonal line.
Each segment of the polygonal line is called an edge. The associated polynomial of
an edge is the sum of the terms of f which have a Newton dot on the edge.
From the Newton polygon we can use an iterative technique called sliding to find
the roots of f . A full description of this can be found in [7] or [3]. In brief the procedure
is to choose an edge of the Newton polygon, solve the associated polynomial, choose a
root λ1 = a1y
e1 of this polynomial and then evaluate f1(x, y) = f(x + λ1(y), y). From
the Newton polygon of f1 we choose an edge with gradient less than −e1 and repeat
the procedure. Note that all the Newton-Puiseux roots of f can be found using this
procedure.
Let fx be the partial derivative of f with respect to x, and define fy similarly. The
generic polars of f are the roots of fx + cfy, where c is a generic complex number.
More specifically, we can assume f(x, y) is mini-regular in x,
f(x, y) = unit ·
∏
i
(x− ri(y)), Oy(ri) ≥ 1,
where ri(y) are fractional power series. Let us write
f(λ(y), y) =
{
aye + · · · if f(λ(y), y) 6= 0,
0y∞ if f(λ(y), y) = 0,
where a 6= 0, e <∞, and 0y∞ is a symbol. Then, by definition,
valf (λ) =
{
(a, e) in the former case,
(0,∞) in the latter case.
The set of critical points of the valuation function at f is denoted by
Cr(f) = {γi | γi a generic polar of f} .
Example: Consider the polynomial f(x, y) = (x2 − y3)2 + xy5. The four Newton-
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Puiseux roots are:
x = y
3
2 +
1
2
iy
7
4 + . . .
x = y
3
2 − 1
2
iy
7
4 + . . .
x = −y 32 + 1
2
y
7
4 + . . .
x = −y 32 − 1
2
y
7
4 + . . . .
The tree model of f will have a bar at height 32 , with two trunks of multiplicity two on
it. On top of both those trunks will be another bar at height 74 , both of which have two
twigs. This tree is given in the diagram below.
4
1.5
2 2
1.75 1.75
Figure 2.1: Tree model of f .
The generic polars are:
x = λ1(y) =
1
4
y2 +
1
64
y3 + . . .
x = λ2(y) = y
3
2 − 1
8
y2 + . . .
x = λ3(y) = −y 32 − 1
8
y2 + . . . .
The truncation of the roots is simply x = 0 and x = ±y 32 . Now:
f(
1
4
y2 +
1
64
y3 + . . . , y) = y6 +
1
8
y7 +H.O.T. .
Hence valf (λ1) = (1, 6). Similarly, valf (λ2) = (1,
13
2 ), and valf (λ3) = (−1, 132 ). The
Newton polygon of f is given in figure 2.2.
Let F (x, y, t) be an analytic function such that F (x, y, 0) = f . For fixed t we write
ft for F (x, y, t). We can define the valuation function of F as the valuation functions at
ft for each t. Likewise if we denote the set of generic polars of ft by {γft,i}, the set of
critical points of the valuation function of F is: Cr(F ) = {(γft,i, t)}.
Let IC be the complex unit interval, IC = {t ∈ C
∣∣ |t| ≤ 1}. We say F is an almost
Morse stable deformation if there exists a homeomorphism (using the topology defined
in Kuo-Paunescu [8])
τ : Cr(f)× IC → Cr(F ), (γf,i, t)→
(
τ(γft,i, t), t
)
,
6
xy
Figure 2.2: Newton Polygon of f .
which preserves the Lojasiewicz exponent of each element of Cr(f).
Definition 2.1. (Morse Stable Deformation [8]) An almost Morse stable deformation
F is Morse stable if it preserves the tree model and the critical points of the valuation
functions at ft(x, y) for all t. Specifically, if γ is in Cr(f) and γ
′ is another point in
Cr(f) which leaves the tree of f from the same bar then ft(γ) and ft(γ
′) will be on the
same bar in the tree model of ft for all t and additionally,
valft(γt) = valft(γ
′
t) iff valf (γ) = valf (γ
′) .
We say that two germs f(x, y) and g(x, y) are Morse equivalent f
M∼ g if there is a
Morse stable deformation ft(x, y) such that f0 = f and f1 = g.
As Morse equivalency requires the bar spaces to be equivalent, if f and g are Morse
equivalent they have the same tree and hence are topologically equivalent. Recall that
two germs f1, f2 are topologically (right) equivalent if there is a germ of homeomor-
phism h : C2 → C2 such that f1 = f2 ◦ h. From Burau [5] (see also Zariski [13]) and
Parusinski [10] two germs are topologically (right) equivalent if and only if their tree
models coincide.
Note that the original definition in [8] used the standard polars of f (i.e. the roots of
fx). We use the generic polar so that the equivalence is preserved under linear coordinate
change. For example F (x, y, t) = x3 + txy2 + y3 would not be Morse stable near t = 0
using the standard polars, as ∂∂xF (x, y, t) = 3x
2 + ty2, which has one root for t = 0 and
two otherwise. But for small t (specifically for any value of t such that F (x, y, t) has
three distinct roots) there exists a linear coordinate change φt(x, y) → (u, v) such that
F (φt, t) = x
3 + y3. Indeed F (x, y, t) is diffeomorphically equivalent to x3 + y3.
7
One way to conceptualise this is that by using the old definition we are looking at
how the polars behave along the x-axis. Alternatively, by using the roots of fy we would
be looking at how the behavior along the y-axis, and more generally, fx + cfy examines
the behavior along the line x+ cy = 0. As the polars of a homogeneous polynomial will
’come together’ in finitely many directions, for any specific choice of polar there will be
some homogeneous jets where the polars are degenerate as in the above example. By
using the generic polar we are examining what happens in most directions, which avoids
this issue.
We shall see later that this does not apply to weighted homogeneous jets. For
example, F (x, y, t) = x3 + txy4 + y6 is not Morse stable near t = 0 using either the
generic polars or the standard polars. This is because the term x3 has lower order
than the other terms - so in any direction other than along the y-axis the x3 term is
dominant, so the lowest degree term ’chooses’ the direction. See proposition 3.3 for a
technical treatment of this concept.
8
Chapter 3
Technical Lemmas
Consider the space Jk(2,1) of all k-jets at 0 of C
∞ mappings C2 → C with the natural
vector space structure.
Proposition 3.1. The Lojasiewicz exponents for all polar curves are preserved under
linear change of coordinates. In particular, f(x, y) is Morse equivalent to f(ax+by, cx+
dy) whenever ad− bc 6= 0.
Proof. Let g(x, y) = f(ax+ by, cx+ dy). Writing fx for
∂
∂xf(x, y) and fy for
∂
∂yf(x, y),
we have gx = afx+ cfy and gy = bfx+dfy. We want to show that for generic k, gx+kgy
will have equivalent polars to fx + k1fy for some k1, and then show that the set of all
k1 corresponding to generic k forms a dense set in C2. In particular k1 is generic and so
the roots of fx + k1fy are generic polars of f .
gx + kgy = afx + cfy + k(bfx + dfy)
= (a+ bk)fx + (c+ dk)fy
= (a+ bk)
(
fx +
c+ dk
a+ bk
fy
)
for bk 6= −a
Note that from the assumption ad − bc 6= 0 at least one of a and b must be non-zero.
Hence there will be at most one value of k for which bk = −a. For all other values of
k we can set k1 =
c+dk
a+bk . Now this function k → c+dka+bk is defined on C − {−ab } → C for
b 6= 0 and C → C for b = 0 and maps bijectively onto either C − {db} (for b 6= 0) or C
(for b = 0). So for almost all k, k1 =
c+dk
a+bk will be in a dense subset of C. Hence g(x, y)
has the same generic polars as f(x, y).
Now we need to find a deformation. Firstly if ad = 0 then bc 6= 0 and at least one
of a, d must be 0. If precisely one is we can use the following deformation to get to the
case where ad 6= 0:
If a = 0, set A(t) = kt, where |k| < |bc|/|d|, and B(t) = b, C(t) = c,D(t) = d,
if d = 0, set D(t) = kt, where |k| < |bc|/|a|, and A(t) = a,B(t) = b, C(t) = c,
if both a and d are 0, set A = kt, D(t) = t where |k| < |bc|, and B(t) = b, C(t) = c,
and consider the deformation F (x, y, t) = f(A(t)x+B(t)y, C(t)x+D(t)y).
In all these cases |A(t)D(t)| ≤ |k| < |bc| for all t, which implies A(t)D(t)−B(t)C(t) 6=
0 for all t with |t| ≤ 1. Hence all of these deformations are Morse stable. From these
deformations and the transitive property of equivalence relations we may assume ad 6= 0.
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Now consider the deformation G(x, y, t) = f(A(t)x + B(t)y, C(t)x + D(t)y) where
A,B,C,D are defined as follows:
A(t) = a
B(t) = b(1− t)
C(t) = c(1− t)
D(t) = d+ bc/a(t2 − 2t) .
In this case:
A(t)D(t)−B(t)C(t) = ad+ bc(t2 − 2t)− bc(1− 2t+ t2)
= ad− bc .
Hence this deformation is Morse stable and so f(ax + by, cx + dy) is Morse equivalent
to f(ax, (d+ bc/a)y). As this is true for any a, b, c, d with ad− bc 6= 0, f(x, y) is Morse
equivalent to f(ax, dy) for any a, d 6= 0.
The remaining deformations can be constructed piecewise analytically, using the
transitive property of an equivalence relation.
Lemma 3.2. If f(x, y) is a polynomial in x and y with a non-zero linear term, there is
a Morse stable deformation ft(x, y) such that f0(x, y) = f(x, y) and f1(x, y) = x.
Proof. For any polynomial f(x, y) with non-zero linear term, fx+cfy will have non-zero
constant term. Hence there are no generic polars at 0, and so f has the same Morse type
as g(x, y) = x. It remains to find a suitable deformation, which may bedone by first
applying a linear change of coordinates to get f(x, y)
M∼ x+H.O.T. , which is equivalent
to g(x, y) using the deformation G(x, y, t) = x+ t× (H.O.T.) . The lemma then follows
from transitivity.
Proposition 3.3. If f(x, y) = Hk(x, y) + Hk+1(x, y) + . . . , is mini-regular in x, i.e.
Hk(1, 0) 6= 0, and λ is a generic polar of f with Lojasiewicz exponent Lf (λ) > k then
the truncated polar λf is the same as if we had defined λ using the truncated roots of fx.
This is not the case for roots with Lojaziewicz exponent k. For example, the generic
polars of x3 + y3 are the roots of x2 + cy2, while the standard polar is x = 0 (with
multiplicity 2). The right diagram in figure 3.1 shows a more general example of this.
Figure 3.2 shows why this does not happen in the non-homogeneous case.
Proof. As f is mini-regular, (k, 0) is on the Newton polygon of f . This implies the
gradient of all edges of the Newton polygon of f are at most −1. Choose such a
coordinate system and write f(x, y) =
∑
i,j ai,jx
iyj .
The Newton diagram of fx can be obtained by deleting all dots (i, j) with i < 1, and
shifting all other dots 1 unit to the left, i.e. (i, j) → (i − 1, j). Similarly, the Newton
diagram of fy consists of (i, j − 1) with j ≥ 1. The Newton polygon of fx will have
edges parallel to all the edges of NP (f) for which the highest dot has x coordinate ≥ 1,
shifted one unit left. Similarly, the Newton polygon of fy will have edges parallel to all
the edges of NP (f) for which the lowest dot has y coordinate ≥ 1.
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xy
x
y
Figure 3.1: The highest edge of the Newton polygon of f(x, y) in black and fx(x, y) +
cfy(x, y) in grey. The darker dots are those generated by fx, lighter by fy. The right
graph is for the case where the highest dot is on the y-axis. Note that the Newton
polygon for fx alone in this case will have multiple roots.
x
y
x
y
Figure 3.2: An edge of f(x, y) with order greater than 1 in black, and the corresponding
edges of fx and fx + cyy in grey. The darker dots are those generated by fx, lighter by
fy. The right graph is for the case where the highest dot is on the y-axis.
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From this we can determine the Newton diagram, and hence Newton polygon, of
fx + cfy. Note that if (i, j) is a dot on fx and fy then it will be a dot on fx + cfy for all
but one value of c. Hence for generic c the Newton diagrams of fx + cfy will consist of
all dots from the Newton diagram of fx and fy.
Note that there will always be a dot at (k− 1, 0) due to mini-regularity. In addition
the order of fx is k−1, and the order of fy is at least k−1. Hence fx+cfy is mini-regular
in x and so the edges of NP (fx + cfy) have gradient ≤ −1.
Now for i, j ≥ 1, if there is a dot at (i, j) on NP (f), there will be dots at (i− 1, j)
and (i, j−1) on NP (fx+ cfy). So let (p, q) be a dot on an edge E of NP (fx+ cfy) with
p ≥ 1. If (p, q) is also on the Newton polygon of fy, then there is a dot (p − 1, q + 1)
on the Newton diagram of fx. Now if E is the lowest edge of NP (fx + cfy) and has
gradient −1 this dot (p−1, q+1) will also be on E, and E will be the same as the lowest
edge of fx . However, if E has gradient < −1, then this dot will be below E, which
contradicts the convex nature of the Newton polygon. So if (p, q) is on NP (fx + cfy),
it can only be a dot on fy if it is on the lowest edge E1 and E1 has gradient −1, or if it
is on the highest edge Eh with gradient < −1.
In the latter case, consider NP (fx + cfy) compared to NP (f) shifted one unit to
the left: as we are sliding for a root x = γ(y), the x coordinates of the dots on the
Newton diagram of f will all be integers (the y coordinates will be in Q). Hence the x
coordinate of the lowest dot of the highest edge of NP (f) will be at least 1. In particular,
the Newton polygon of both fx and fx + cfy will be identical to NP (f) shifted one unit
to the left up except for the highest edge of this. Now the corresponding edges of
NP (fx + cfy) will have lower gradient than the highest edge of NP (f). So the contact
order between the roots of fx + cfy and f will be equal to the negative of the gradient
of the highest edge of NP (f). Hence sliding along these higher edges of NP (fx + cfy)
will not change the truncated polars.
Now consider sliding towards a root of fx + cfy. Let x = a1y
α1 be the first approx-
imation to the polar. If α1 = 1 and x = a1y is a multiple root of multiplicity m of
f(x, y) = 0 then x = a1y is a root of multiplicity m − 1 of both fx and fy, and we
may factorise fx + cfy to see that x = a1y is a multiple root of multiplicity m − 1 (for
c generic). In this case Lf (λ) > k. If x = a1y is not a root of f then x = a1y is the
truncated generic polar and by considering f(a1y, y) the Lojasiewicz exponent Lf of
x = a1y is k.
So for all polars with Lojasiewicz exponent larger than k the truncated polar is the
same with the generic polar as simply using fx.
This may be restated as:
Corollary 3.4. Let f be mini-regular in x, and let {ri} be the set of Puiseux roots of
f . If the contact order of a generic polar λ with {ri} is greater than one (it leaves the
tree of f at height greater than one), then the truncation λf is also a truncated root of
fx.
We now quote the truncation theorem from Kuo and Paunescu [8]
Definition 3.5 (Puiseux Root Truncation). Let f(x, y) =
∏
i(x − ri(y))mi be mini-
regular in x. For each i let ei = maxj 6=i{Oy(ri − rj)} and let rˆi be ri with all terms of
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order greater than ei deleted. These are the truncated roots of f . If there is only one
root, f(x, y) = (x− r(y))m, then let rˆ = r.
The Puiseux root truncation of f is fˆroot(x, y) =
∏
i(x− rˆi(y))mi.
Theorem 3.6 (Truncation Theorem (Kuo-Paunescu [8])). f(x, y) is Morse equivalent
to fˆroot(x, y).
An immediate consequence of this is the following lemma:
Lemma 3.7. If f(x, y) has no multiple roots, and we let l = max{Lf (γ) | γ ∈ Cr(f)},
then f is l-sufficient in the sense that adding terms of order higher than l will not change
the Morse type of f .
Proof. Note that the multiplicity of f must be less than or equal to l.
We may assume f(x, y) is mini-regular in x. Let g(x, y) = f(x, y) + Hl+1(x, y) +
Hl+2(x, y) + H.O.T. . We want to show that the Puiseux root truncations of f and g
are identical.
Now consider the process of sliding for a root r of g(x, y): Assume we have an
approximation x = λi−1 =
∑i−1
j=1 ajy
αj , we construct the Newton polygon of f relative
to λi−1: f(x+ λi−1(y), y) and choose an edge Ei of gradient −αi (where 1 ≤ α1 < α2 <
. . . ). We find a root ai of the associated polynomial of Ei. Our new approximation is
x = λi =
∑i
j=1 ajy
αj . As the exponents αi are increasing, each edge Ei will be higher
than the previous one. So in particular, if the highest edge Eh corresponding to the
highest order term ahy
αh in the truncated root rˆ = λh is below the line x+ y = l+ 1 in
the Newton diagram of f(x + λh(y), y), then all other edges Ei will also be below that
line.
Now the Lojasiewicz exponent of an arc λ is simply the y-coordinate of the lowest
dot on the y-axis in f(x+λ(y), y). So the highest dot on Eh is below the line x+y = l+1
(since f was assumed to be mini-regular, the slope of Eh is less than −1). So all edges
that we slide along to find r are below the line x + y = l + 1. Also, since 1 ≤ α1 <
α2 < . . . , all dots resulting from the additional terms Hl+1(x, y) +Hl+2(x, y) +H.O.T.
in g(x, y) will be on or above this line. Hence the edges of the Newton polygon of
f(x + λi(y), y) will be the same as the edges of g(x + λi(y), y) for all approximations
λi to a root r. Hence the truncated polars of f and g will be the same, and so by
the truncation theorem f is Morse equivalent to g. (Using the deformation G(x, y, t) =
f(x, y) + t×H.O.T. .)
Proposition 3.8. If f(x, y) is a jet with quadratic first term such that the Lojasiewicz
exponent of the polar of f is l, then f is Morse equivalent to x2 + yl in Jw(2,1)(C) for all
w ≥ l.
Proof. First note that as a quadratic function has only one generic polar, the additional
conditions for an almost Morse stable deformation to be Morse stable are trivially true.
So when constructing a deformation we only have to consider the Lojasiewicz exponent
of the generic polar.
Now let f be a jet of order 2 with generic polar γ and Lf (γ) = l. Note that in this
case l will always be an integer, so dle = l. As the x2 + y2 case is covered as part of
the general quadratic case in the next chapter, we can without loss of generality assume
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that the quadratic term in f is x2, i.e. f = x2 +R(x, y), where the order of R is at least
3. Write valf (γ) = ay
l. Consider the deformation ft = x
2 +R(x, ty) + (1− tl)ayl.
∂
∂x
ft + c
∂
∂y
ft = 2x+Rx(x, ty) + ctRy(x, ty) + acl(1− tl)yl−1 .
For t 6= 0 the only possible difference between the Newton polygon of ∂∂xft + c ∂∂yft(x, y)
and the Newton polygon of ∂∂xf + c
∂
∂yf(x, ty) will be the dot at (0, l − 1). Hence the
generic polar of ft, γt(y) will be the same as γ(ty) up to the term of order l − 1.
As l > 2, we may ignore the term in yl−1 and all higher order terms, as the truncated
generic polar will be γft(y) = γf (ty).
Now consider valft(γt): the valuation of γft(y) = γf (ty) in ft(x, y) is at
lyl. As
ft = f(x, ty) + (1− tl)ayl, the valuation of γft(y) in ft will be
valft(γft) = at
lyl + a(1− tl)yl = ayl .
Hence the Lojasiewicz exponent is preserved and so f is Morse equivalent to x2 +
R(x, 0) + yl, which is trivially Morse equivalent to x2 + yl. As this holds for any such
f , all jets of order 2 are Morse equivalent in Jw.
This also shows that in sufficiently large jet spaces, the classification of jets with
quadratic first term is the same as the classification of those jets under topological
triviality. But as we will see in the next lemma, the classifications differ in lower order
jet spaces.
Lemma 3.9. The jets x2 +xyn−1 and (x+ y2)2 +xn−1 are not equivalent in Jn but are
equivalent in Jn+1.
Proof. Assume there is a ft(x, y) = F (x, y, t) such that f0(x, y) = x
2 + xyn−1 and f1 =
(x+ y2)2 + xn−1. Write F (x, y, t) = (x− a2(t)y2)2 +
∑
i,j bi,j(t)x
iyj , with b1,n−1(0) = 1,
and bi,j(0) = 0 for all other i, j. Now let x = γ(y, t) = a2(t)y
2 + a3(t)y
3 + . . . , be the
generic polar. Note that ai(0) = 0 for i < n− 1.
Now assume that by restricting t to some subset A of IC, where 0 is a limit point of A,
that there is k such that for |t| sufficiently small |ak(t)| ≥ |aj(t)| for all j, 2 ≤ j ≤ n− 2.
(Note that from now on we assume t ∈ A.) Consider the term in yn+k−1 in the above
expansion. This is:
b1,n−1(t)ak(t) +
n−2∑
i
ai(t)b1,n+k−1−i +
∑
i,j|i≥2
∑
(a
mi,j,2
2 a
mi,j,3
3 ...)bi,j(t) ,
where the nested sum is over all possible sets of indices mi,j,l such that
∑
lmi,j,l = i
and j + 2mi,j,2 + 3mi,j,3 + · · · = n + k − 1. i.e. this is the sum of all additional terms
contributing to the dot at (0, n+ k − 1).
So for t 6= 0:
b1,n−1(t)ak(t) = −
n−2∑
i
ai(t)b1,n+k−1−i −
∑
i,j|i≥2
∑
(a
mi,j,2
2 a
mi,j,3
3 ...)bi,j(t) .
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By assumption, this must be 0 for all t with |t| ≤ 1. Now consider the magnitude of
each of the terms: as F is smooth, by continuity for every  > 0 there exists δ such that
if |t| < δ, |b1,n−1(t) − 1| < , |b1,n−1−i(t)| < , and ai(t) <  when i < n − 1. Hence for
such t and  < 1n , ∣∣ n−2∑
i
ai(t)b1,n+k−1−i
∣∣ < 2
n
<  .
So near t = 0 we must have:∣∣b1,n−1(t)ak(t) + ∑
i,j|i≥2
∑
(a
mi,j,2
2 a
mi,j,3
3 ...)bi,j(t)
∣∣ ≤  ,
hence ∣∣b1,n−1(t)ak(t)∣∣ < ∣∣ ∑
i,j|i≥2
∑
(a
mi,j,2
2 a
mi,j,3
3 ...)bi,j(t)
∣∣+  .
As |ak(t)| ≥ |aj(t)| for all j, 2 ≤ j ≤ n− 2,∣∣ ∑
i,j|i≥2
∑
(a
mi,j,2
2 a
mi,j,3
3 ...)bi,j(t)
∣∣ ≤ ∣∣ ∑
i,j|i≥2
∑
(a
mi,j,2
k a
mi,j,3
k ...)bi,j(t)
∣∣
≤ |a2k|
∑
i,j|i≥2
Mi,j |bi,j(t)| ,
hence
|b1,n−1(t)ak(t)| ≤ |a2k|
∑
i,j|i≥2
Mi,j |bi,j(t)|+ 
(1− )|ak| ≤ |ak|2
∑
i,j|i≥2
Mi,j |bi,j(t)|+ 
1 ≤ |ak|
∑
i,j|i≥2
Mi,j |bi,j(t)|+ 2 .
Here Mi,j is the number of different sets of indices mi,j,l. Now as each Mi,j is bounded,
ak → 0, and there are a finite number of combinations i, j, we have that at least one of
the bi,j(t) must approach infinity as t approaches zero. Hence F is not smooth, which
is a contradiction, and so x2 + xyn−1 and (x+ y2)2 + xn−1 are not equivalent in Jn.
Now to show these jets are equivalent in Jn+1, consider the deformation in Jn+1
defined by F (x, y, t) = (x + t/2y2)2 + xyn−1 + t/2yn+1 + xn−1 for small t: For t = 0,
the truncated polar is x = −1/2yn−1, which has valuation −1/4y2n−2. For t 6= 0 the
truncated polar is x = −t/2y2 − 1/2yn−1, which has valuation (−1/4 + (t/2)n−1)y2n−2
for t 6= 2 n−1√1/4. As n ≥ 4, |2 n−1√1/4| > 1, and so this deformation is Morse stable.
Remark: Proposition 3.8 may be extended to cubic and quartic polynomials. A
brief justification of this will be given at the end of the chapter.
Conjecture: With f(x, y), l, and w as above, in Jw(2,1) any jets with the same tree
model and equivalent valuation functions in the sense of definition 2.1 will be Morse
equivalent. I.e. if two jets satisfy all the other conditions for Morse equivalence, then in
sufficiently high order jet spaces there is a Morse stable deformation connecting them.
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Consider the space Jn(2,1)(C). This has a natural vector space representation in
C
n2+3n
2 constructed in the following way:
Let f(x, y) =
∑
i,j ai,jx
iyj . We associate f with the point (a1,0, a0,1, a2,0, a1,1, . . . ) in
C
n2+3n
2 .
Proposition 3.10. Consider the subspace of Jn(2,1) consisting of the homogeneous jets
of order n (plus the origin). This is the subspace given by ai,j = 0 for i + j < n. For
Hn(x, y) in this plane, write Hn =
∏k
i (aix + biy)
mi where ai/bi = aj/bj if and only if
i = j. The classification of Hn under Morse equivalence is entirely determined by the set
of multiplicities {mi}. This is also the classification by topological type, with a stratum
for each partition of n. (A partition of n is an unordered set of positive integers mi such
that
∑
imi = n.)
Proof. First note that if two jets have differing sets of indices {mi} then they have
different topological type, and so are not Morse equivalent. Hence that many classes are
necessary, we now prove that is sufficient:
We may write fx = Rx(x, y)
∏k
i (aix + biy)
mi−1 and fy = Ry(x, y)
∏k
i (aix + biy)
mi−1,
for some polynomials Rx and Ry. Note that these will both be homogeneous of order
k − 1, and have no shared roots with each other or f(x, y).
Now fx + cfy =
(
Rx(x, y) + cRy(x, y)
)∏k
i (aix+ biy)
mi−1. Hence the generic polars
consist of: the root of f(x, y); aix+biy = 0 for each i = 1, . . . , k with multiplicity mi−1
(when mi ≥ 2) and Lojasiewicz exponent ∞ and the roots of Rx(x, y) + cRy(x, y) = 0.
As c is generic and Rx and Ry share no roots with each other or with f(x, y), the
equation Rx(x, y) + cRy(x, y) = 0 has k − 1 roots of multiplicity 1 and Lojasiewicz
exponent n, all of which have distinct valuation. Hence two homogeneous polynomial
germs have the same Morse type if and only if they have the same set of multiplicities.
It remains to construct a deformation, which can easily be done piecewise, using the
transitive property of equivalence relations.
Proposition 3.11. Consider the subspace of Jn(2,1) consisting of polynomials of the
form Hn−1 + Hn (including the trivial polynomial). This corresponds to a subspace in
the natural vector space representation of Jn(2,1), given by ai,j = 0 for i + j < n − 1.
For f(x, y) = Hn−1 + Hn, in this plane, write Hn−1 =
∏
i(aix + biy)
mi where ai/bi =
aj/bj ⇒ i = j. We can now write f as:
f =
∏
i
(aix+ biy)
mi +
∏
i
(aix+ biy)
ni ×R(x, y) ,
where R(x, y) is the polynomial such that Hn =
∏
i(aix + biy)
ni × R(x, y) and R(x, y)
shares no roots with Hn−1. Note that some or all of the ni may be zero. The Morse
classification of f is entirely determined by the set of multiplicities {mi} and {ni} and
is also the same as classification by topological type.
Proof. Note that by using a suitable coordinate change we may assume ai = 1 for all i.
We will first slide for the roots of f(x, y) to show topological type is determined by
the multiplicities mi and ni. Now in the Newton polygon of f , the dots from Hn−1 will
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form an edge. The solutions of this edge will be x = −biy. (Note that this will be the
only edge unless one of the bi is zero, but in that case we can still use x = −biy, it will
simply have no effect on the Newton polygon. In addition, only one of the bi can be
zero.)
Now consider the Newton polygon of f(x− biy, y): from evaluating Hn−1(x− biy, y)
there will be a line between (n− 1, 0) and (mi, n−mi − 1). In addition, by evaluating
Hn(x− biy, y) there will be a dot at (ni, n− ni), and potentially other dots on the line
between (n, 0) and (ni, n−ni). These are all of the dots on the Newton polygon of f(x−
biy, y). Hence the leading edge will be between the dot (mi, n−mi−1) and the dot (ni, n−
ni). There will be no additional dots on this edge, and no dots to the left of this edge.
We will write the equation for this edge as E(x, y) = ami,n−mi−1xmiani,n−nixniyn−ni So
x = −biy is a root of multiplicity ni and there are mi − ni additional roots:
x = r(y) = −biy + ωmi−ni (mi−ni)
√
− ani,n−ni
ami,n−mi−1
y
mi−ni+1
mi−ni +H.O.T. ,
where ωmi−ni is one of the (mi − ni)-th complex roots of 1. As these roots all have
multiplicity one we have finished sliding. Hence the tree of f(x, y) is determined by
{mi} and {ni}.
Now consider the Newton polygon of fx(x− biy, y) + cfy(x− biy, y). This will have
dots at (mi − 1, n−mi − 1), (ni − 1, n− ni), (mi, n−mi − 2) and (ni, n− ni − 1). The
second dot will only exist if ni ≥ 1. In this case the leading edge of this will be between
(mi − 1, n −mi − 1) and (ni − 1, n − ni). Otherwise, the leading edge will be between
(mi − 1, n−mi − 1) and (0, n− 1).
So for ni ≥ 1, the polars are x = −biy with multiplicity ni−1 and mi−ni additional
polars
x = γ(y) = −biy + ωmi−ni (mi−ni)
√
− niani,n−ni
miami,n−mi−1
y
mi−ni+1
mi−ni +H.O.T. .
These polars are clearly distinct from each other and from the roots. Hence in this
case we have found the truncated polars. By substituting these into f the Lojasiewicz
exponent of each of these is:
n−mi − 1 +mimi − ni + 1
mi − ni
By substituting these polars into the leading edge of f(x − biy, y) we can also see
that the relationship between the valuations will be the same for any jet with the same
set of multiplicities.
If ni = 0, there cannot be a dot at (ni − 1, n − ni) in the Newton polygon of
fx(x−biy, y)+cfy(x−biy, y), so the leading edge of this will have gradient mi1−mi . Hence
the polars found by sliding along this edge will be of the form:
x = −biy +O(y
mi
mi−1 ) +H.O.T. .
But the leading edge of f(x − biy, y) will be between (mi, n − mi − i) and (0, n).
Hence the roots found by sliding along this edge will be of the form
x = r(y) = −biy +O(y
mi+1
mi ) +H.O.T. .
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As mimi−1 >
mi+1
mi
and the term of order y
mi+1
mi exists, the truncated polar is x = −biy of
multiplicity mi − 1, and Lojasiewicz exponent n.
Hence the multiplicities {mi} and {ni} determine the Morse type of f . A deformation
can again be constructed in a piecewise manner.
Proposition 3.12. In sufficently high order spaces (Jm, m >> n) the only extra cubic
jets in the classification of Jn are x3 + y3k for some k ∈ N, k > 1.
Proof. We shall simply sketch this proof. There are four possible tree models for a non-
trivial cubic jet, as shown in figure 3.3. Using a coordinate change (which is permitted
as we do not need to take care of polars) along with the truncation theorem the first
two cases may be expressed as either f(x, y) = x2(x+ yk) or g(x, y) = x2(x+ yk) + ayj ,
where j > 3k. The proof of the second case follows from noting that G(x, y, t) =
x2(x+ yk) + a(t)yj is Morse stable for a(t) 6= 0.
3
2
3
2
3 3
2
Figure 3.3: Potential tree model diagrams for cubic polynomials
The third and fourth cases will obviously not be Morse equivalent as they have
different polars. Note that we may write the fourth case as (x + ayk)3 + by3k, where
b 6= 0. From this the existence of a deformation is again trivial.
Finally, the third case follows from these jets being dense in the jet space (and hence
that space being path connected).
Remark: A similar proposition holds for quartic strata, however there are six extra
families of strata. The trees for these are given in figure 3.4. For the proof of the strata
depending on valuation, any quartic jet with two polars that have equal valuation can
be written in the following form:
f(x, y) = (x− ayk/2)2(x− byk/2)2 + cy2k .
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Note that if k is odd then a = −b. The proof of the rest of the strata follow from similar
methods to the cubic. However, these methods will not work for some quintic or higher
strata.
4
3
4
2
4
2
4
2
4
2
2
4
val
Figure 3.4: Potential tree model diagrams for quadratic polynomials
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Chapter 4
Stratification of J4
(2,1)
(C)
The classification of J1(2,1)(C), J
2
(2,1)(C) and J
3
(2,1)(C) follows from lemma 3.2 and proposi-
tions 3.10 and 3.11, and is identical to the classification by topological right equivalence,
so we will begin with the classification of J4(2,1)(C).
In the classification we will refer to a stratum by a single element of it. For example,
the stratum (in J3(2,1)(C) ) of all jets (ax+ by)
2 +H3(x, y) where ax = −by is not a root
of H3(x, y) = 0, will be refered to as the stratum containing x
2 + y3.
In the tables of strata provided we also list the Lojasiewicz exponent(s) of the (trun-
cated) polars. For example x2 + y3 has one polar, x = 0, with Lojasiewicz exponent 3.
So this stratum is listed as x2 + y3, 3. The stratum containing x4 + x2y2 + y5 in J5 has
3 polars with Lojasiewicz exponents 4, 4 and 5; so it is listed as x4 +x2y2 + y5, (4, 4, 5).
Throughout this section we will use the notation f(x, y) = H1(x, y)+H2(x, y)+ . . . ,
where Hi(x, y) is the homogeneous polynomial consisting of all terms of degree i in
f(x, y). We will also write jets in the form f(x, y) =
∑
i,j ai,jx
iyj where convenient.
Partly for simplicity and partly by convention we will not always use mini-regular
expressions for the strata. For example, x2y + y4 is the standard expression for the
simple singularity D5 in two complex dimensions. It could however be represented as
x2(x+ y) + (x+ y)4 or x3 + x2y + y4.
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Theorem 4.1. The Morse classification for J4(2,1)(C) is:
Strata Containing Lojasiewicz Exponent(s)
0 n/a
x n/a
x2 + y2 2
x2 + y3 3
x2 + y4 4
(x+ y2)2 + x2y 5
x2 + xy3 6
(x+ y2)2 + x3 6
(x+ y2)2 + x3y 7
(x+ y2)2 + x4 8
x2 ∞
x3 + y3 (3, 3)
x2y + y4 (3, 4)
x2y + xy3 (3, 5)
x2y (3,∞)
x3 + y4 (4, 4)
x3 + xy3 (4.5, 4.5)
x3 + x2y2 (6,∞)
x3 ∞
x4 + y4 (4, 4, 4)
x4 + x2y2 (4, 4,∞)
x4 + x3y (4,∞)
x4 + 2x2y2 + y4 (4,∞,∞)
x4 ∞
Proposition 4.2. The classification of the germs with linear first term, those with cubic
first term and the homogeneous quartics follows from lemma 3.2 and propositions 3.10
and 3.11, and this classification is identical to the classification under topological type.
The stratum f(x, y) = 0 is also trivial, leaving us with the classification of strata
with quadratic first term, which will be done using a number of lemmas.
Let f(x, y) be a 4-jet with quadratic first term. Write f(x, y) = H2(x, y)+H3(x, y)+
H4(x, y), where the Hi are homogeneous polynomials of order i. By proposition 3.10
and lemma 3.7 all jets with H2 non-degenerate are Morse equivalent. Now assume
H2(x, y) = (ax + by)
2. From proposition 3.1 we can freely apply coordinate changes,
so without loss of generality we may assume a = 1 and b = 0. So consider f(x, y) =
x2 +H3(x, y) +H4(x, y). Write f(x, y) = x
2 +
∑
i,j|3≤i+j≤4 ai,jx
iyj .
Lemma 4.3. First if f(x, y) = x2+H3(x, y)+H4(x, y), where x is not a root of H3(x, y)
- i.e. H3(0, 1) = a0,3 6= 0, then f(x, y) is Morse equivalent to x2 + y3.
Proof. In this case the roots will be x = ±√−a0,3y3/2 + H.O.T., and the polar will be
x = −a1,2y2+H.O.T. , hence the truncated polar will be x = 0, and will have Lojasiewicz
exponent 3. We may simply use the deformation F (x, y, t) = x2 + a0,3y
3 + t× (H.O.T.)
followed by a simple coordinate change so that f
M∼ x2 + y3.
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Lemma 4.4. If f(x, y) = x2+
∑
i,j|3≤i+j≤4 ai,jx
iyj where a0,3 = 0 and a0,4−a21,2/4 6= 0,
then f is Morse equivalent to x2 + y4.
Proof. Now if H3(0, 1) = 0, but H
′
3(0, 1) 6= 0 or H4(0, 1) 6= 0 then f(x, y) = x2 + axy2 +
by4 + . . . . The generic polar in this case will be x = γ(y) = −a/2y2 + H.O.T. . Now
the term in y4 in f(γ(y), y) will be b − a2/4. If this is non-zero, f is Morse equivalent
to x2 + y4.
For the following lemmas assume
f(x, y) = (x+ y2)2 + a1,3xy
3 + a2,1x
2y + a2,2x
2y2 + a3,1x
3y + +a3,0x
3 + a4,0x
4 .
The Newton polygon of this is shown in diagram 4.1, with the dashed lines indicating
where additional dots will be placed by sliding along the edge (x+ y2)2.
Lemma 4.5. If a1,3 6= a2,1, f is Morse equivalent to (x+ y2)2 + xy3.
Proof. In the expansion of f(x− y2, y), the term in y5 is given by a2,1 − a1,3. If this is
non-zero, the roots of f(x, y) = 0 will be x = −y2±√a1,3 − a2,1y 52 +H.O.T. , while the
polar will be x = −y2 + 12(a1,3 − a2,1)y3 +H.O.T. . So the truncated polar is x = −y2,
which gives Lojasiewicz exponent 5. Hence every jet with a2,1 6= a1,3 has the same Morse
type. Using the deformation
F (x, y, t) = (x+y2)2+(a1,3−(1−t)a2,1)xy3+a2,1tx2y+t(a2,2x2y2+a3,0x3+a3,1x3y+a4,0x4) ,
this is equivalent to (x+ y2)2 + (a1,3 − a2,1)xy3 , which is equivalent to (x+ y2)2 + xy3.
Note that for this deformation to be Morse stable, it is required to have (a1,3 − (1 −
t)a2,1) − a2,1t 6= 0 for all t (as this will be the coefficient of y5 in F (x − y2, y, t) ). For
this deformation, (a1,3 − (1 − t)a2,1) − a2,1t = a1,3 − a2,1, which is non-zero. Hence all
jets of this form are Morse equivalent to (x+ y2)2 + xy3.
Lemma 4.6. If a1,3 = a2,1 and a
2
1,3 6= 4(a2,2 − a3,0), f is Morse equivalent to
(x+ y2)2 + x3.
Proof. Now if a1,3 = a2,1, the leading edge of the Newton polygon of f(x− y2, y) will be
x2 − a1,3xy3 + (a2,2 − a3,0)y6 .
In particular, the polar will be x = a1,3/2y
3. By substitution, if a21,3 6= 4(a2,2 − a3,0),
then the coefficient of y6 in f(x − y2 + a1,3/2y3, y) will be non-zero. Hence this polar
will have Lojasiewicz exponent 6. Consider the deformation
F (x, y, t) =(x+ y2)2 + a1,3txy
3 + a1,3tx
2y + a2,2tx
2y2 + (a3,0 + (1− t)(−a2,2)+
+ (1− t2)a21,3/4)x3 + t(a3,1x3y + a4,0x4) .
The generic polar of this is x = −y2 + a1,3t/2y3, which has valuation(
a21,3t
2/4− a21,3t2/2 + a2,2t− (a3,0 − (1− t)a2,2 + (1− t2)a21,3/4)
)
y6
=
(− a21,3t2/4 + a2,2t− a3,0 + (1− t)a2,2 − (1− t2)a21,3/4))y6
=
(− a3,0 + a2,2 − a21,3/4)y6 .
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Figure 4.1: Newton polygon of f(x, y) = (x+ y2)2 + . . .
Hence (as a21,3 6= 4(a2,2−a3,0)) this has Lojasiewicz exponent 6 for all t, and so F (x, y, t)
is a Morse stable deformation. Hence f(x, y) is Morse equivalent to (x+ y2)2 + (−a3,0 +
a2,2 − a21,3/4)x3, which is equivalent to (x + y2)2 + x3 from the assumption that a3,0 +
−a2,2 + a21,3/4 6= 0. So f is Morse equivalent to (x+ y2)2 + x3.
Lemma 4.7. If a1,3 = a2,1, a
2
1,3 = 4(a2,2 − a3,0) and a3,1 6= a3,0a1,3/2, f is Morse
equivalent to (x+ y2)2 + x3y.
Proof. As a2,1 = a1,3 and a2,2 = a3,0 + 1/4a
2
1,3 the first two terms of the generic polar
will again be x = −y2 + a1,3/2y3. Consider the expansion of f(x− y2 + a1,3/2y3, y): the
coefficient of y7 in this is−a3,1+a3,0a1,3/2. If this is non-zero, the roots of f(x, y) = 0 will
be x = −y2+a1,3/2y3±
√−a3,1 + a3,0a1,3/2y 72 , while the polar will be x = γ(y) = −y2+
a1,3/2y
3 + H.O.T. , where the higher order terms are of order at least four. Hence the
truncated polar is x = −y2+a1,3/2y3, which has valuation (−a3,1+a3,0a1,3/2)y7. This is
Morse equivalent to (x+ y2)2 + (−a3,1 + a3,0a1,3/2)x3y using the following deformation:
F (x, y, t) =(x+ y2)2 + a1,3txy
3 + a1,3tx
2y + (a3,0t+ 1/4a
2
1,3t
2)x2y2 + a3,0tx
3+
+ (a3,1 − 1/2(1− t3)a3,0a1,3)x3y + a4,0tx4 .
Lemma 4.8. If a2,1 = a1,3, a2,2 = a3,0 + 1/4a
2
1,3, a3,1 = a3,0a1,3/2 and a4,0 6= 1/4a23,0,
f is Morse equivalent to (x+ y2)2 + x4.
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Proof. In this case, the leading edge of the Newton polygon (after applying substitutions)
is
x2 + (a3,0 + 1/2a
2
1,3)xy
4 +
(
a4,0 + 1/4(a
2
1,3a3,0 + 1/16a
4
1,3
)
y8 .
The next term in the generic polar is −(1/2a3,0 + 1/4a21,3)y4. Substituting this into the
leading edge gives
valf (γ) =
(
(1/2a3,0 + 1/4a
2
1,3)
2 − (1/2a3,0 + 1/4a21,3)(a3,0 + 1/2a21,3)+
+ (a4,0 + 1/4(a
2
1,3a3,0 + 1/16a
4
1,3)
)
y8
=(a4,0 − 1/4a23,0)y8 .
So as a4,0 6= 1/4a23,0 we have another stratum with Lojasiewicz exponent 8 using defor-
mation:
F (x, y, t) =(x+ y2)2 + a1,3txy
3 + a1,3tx
2y + (a3,0t+ 1/4a
2
1,3t
2)x2y2 + a3,0tx
3+
+ 1/2a3,0a1,3t
3x3y + (a4,0 − 1/4(1− t4)a23,0)x4 .
Lemma 4.9. If a2,1 = a1,3, a2,2 = a3,0 + 1/4a
2
1,3, a3,1 = a3,0a1,3/2 and a4,0 = 1/4a
2
3,0,
f is Morse equivalent to x2.
Proof. In this case we may factorise f to give:
f(x, y) = (x+ y2 + 1/2a1,3xy + 1/2a3,0x
2)2 .
Using the deformation F (x, y, t) = (x + ty2 + 1/2a1,3txy + 1/2a3,0tx
2)2 this is Morse
equivalent to x2.
Lemma 4.10. Assume f(x, y) = x2 +
∑
i,j|3≤i+j≤4 ai,jx
iyj where a0,3 = a1,2 = a0,4 = 0
and a1,3 6= 0. In this case f is Morse equivalent to x2 + xy3
Proof. The truncated polar is x = −a1,3/2y3 which has Lojasiewicz exponent 6. We can
show that f is Morse equivalent to x2 + xy3 use a deformation of the form
F (x, y, t) = x2 + a(t)xy3 + t× (H.O.T.) ,
where a(1) = a1,3, a(0) = 1, and a(t) 6= 0 for |t| ≤ 1. This is a distinct stratum to that
containing (x+ y2)2 + x3 by lemma 3.9.
Lemma 4.11. If a0,3 = a1,2 = a0,4 = a1,3 = 0, f is Morse equivalent to x
2. This
follows from writing f(x, y) = x2(1 +H.O.T.), with the deformation F (x, y, t) = x2(1 +
t× (H.O.T.)).
Proof of theorem 4.1. The classification of the non-quadratic strata is done by the first
proposition, so we will only consider quadratic strata.
If f(x, y) = H2(x, y)+H3(x, y)+H4(x, y) where H2(x, y) is non-degenerate then f is
Morse equivalent to x2+y2. Otherwise if H2(x, y) is a perfect square, we may use a linear
coordinate change to show f is Morse equivalent to g(x, y) = x2 +H ′3(x, y)+H ′4(x, y). If
H ′3(0, 1) 6= 0 we apply lemma 4.3 to g. So by transitivity f M∼ g M∼ x2+y3. If H ′3(0, 1) = 0
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then we instead check if g satisfies the conditions of lemma 4.4. If it does not then we
proceed to check if it satisfies one of the other lemmas on the list. In the cases where
g can be written g = (x + a1,2/2y
2)2 + H.O.T. , we apply a second transformation to
get g′ = g(x, 1√
a1,2/2y
= (x + y2)2 + H.O.T. . In both these cases we can again use
transitivity to classify f .
All possibilities for g(x, y) = x2 +H ′3(x, y) +H ′4(x, y) are covered by lemmas 4.3 to
4.11. Hence sufficiency follows, as for any quadratic f ∈ J4, f is Morse equivalent to
some g or g′ of the required form. Also, the strata with differing Lojasiewicz exponents
are necessarily distinct, which along with lemma 3.9 proves necessity.
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Chapter 5
Stratification of J5
(2,1)
(C)
5.1 Results
Theorem 5.1. The classification of J5(2,1)(C) is given in the following table:
Strata Lojasiewicz Exponent(s)
Homogeneous Quintics
x5 + y5 (5, 5, 5, 5)
x5 + x2y3 (5, 5, 5,∞)
x(x2 + y2)2 (5, 5,∞,∞)
x5 + x3y2 (5, 5,∞)
x3y2 (5,∞,∞)
x4y (5,∞)
x5 (∞)
Quartic First Term
x4 (∞)
x4 + y4 (4, 4, 4)
x4 + y5 (5)
x4 + xy4 (513 , 5
1
3 , 5
1
3)
x4 + x2y3 (6, 6,∞)
x4 + x3y2 (8,∞)
x3y (4,∞)
x3y + y5 (4, 5)
x3y + xy4 (4, 5.5, 5.5)
x3y + x2y3 (4, 7,∞)
x2y2 (4,∞,∞)
x2y2 + (x+ y)5 (4, 5, 5)
x2y2 + x(x+ y)4 (4, 5, 6)
x2y2 + x5 (4, 5,∞)
x2y2 + xy(x+ y)3 (4, 6, 6)
x2y2 + x4y (4, 6,∞)
x4 + x2y2 (4, 4,∞)
x4 + x2y2 + y5 (4, 4, 5)
x4 + x2y2 + xy4 (4, 4, 6)
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Strata Lojasiewicz Exponent(s)
Cubic First Term
x3 (∞)
x3 + y3 (3, 3)
x2y (3,∞)
x2y + y4 (3, 4)
x2y + y5 (3, 5)
y(x+ y2)2 + x3 (3, 6)
x2y + xy4 (3, 7)
y(x+ y2)2 + x3y (3, 7)
y(x+ y2)2 + x4 (3, 8)
y(x+ y2)2 + x4y (3, 9)
y(x+ y2)2 + x5 (3, 10)
y(x+ y2)2 + x3(x+ y2) (3, 11)
x3 + y4 (4)
x3 + xy3 (4.5, 4.5)
x3 + y5 (5)
x3 + 3x2y2 + 3xy4 (6)
x3 + xy4 (6, 6)
x(x+ y2)2 + x2y3 (6, 7)
x(x+ y2)2 + x4 (6, 8)
x(x+ y2)2 + x4y (6, 9)
x(x+ y2)2 + x5 (6, 10)
x3 + x2y2 (6,∞)
x(x+ y2)2 (6,∞)
x3 + x2y3 (9,∞)
Quadratic First Term
x2 ∞
x2 + y2 2
x2 + y3 3
x2 + y4 4
x2 + y5 5
x2 + xy3 6
(x+ y2)2 + x3y 7
(x+ y2)2 + x4 8
x2 + xy4 8
(x+ y2)2 + x4y 9
(x+ y2)2 + x5 10
(x+ y2)2 + 2(x2y + x3)(x+ y2)− x5; 11
(x+ y2)2 + x4 + x3y2 12
(1 + y)(x+ y2)2 + (x2y − 12x3)(x+ y2)− 14x5 12
(x+ y2)2 + 2x2y3 + 2x3y − x5 13
Trivial Strata
x n/a
0 n/a
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The proof of this will again utilise a series of lemmas. Throughout let f(x, y) =
H1(x, y) + H2(x, y) + H3(x, y) + H4(x, y) + H5(x, y) where Hi(x, y) is a homogeneous
polynomial of degree i.
Lemma 5.2. The classification of the germs with linear first term, those with quartic
first term and the homogeneous quintics follows from lemma 3.2 and propositions 3.11
and 3.10 respectively.
The stratum f(x, y) = 0 is also trivial, leaving us with the classification of strata
with quadratic first term and cubic first term. We will first treat the quadratic case,
H1(x, y) = 0, H2(x, y) 6= 0.
Proposition 5.3. If f is a stratum in J5 with linear term equal to zero and a non-zero
quadratic term then it is Morse equivalent to one of the quadratic strata in theorem 5.1.
Lemma 5.4. If f(x, y) ∈ J5(2,1)(C) such that the projection of f to J4(2,1)(C) is Morse
equivalent to x2+y2, x2+y3 or x2+y4 in J4 then f is Morse equivalent to the respective
jet in J5.
Proof. This follows from the classification of J4(2,1) and lemma 3.7.
Lemma 5.5. If the polar of f has Lojasiewicz exponent 5 then by proposition 3.8 f is
Morse equivalent to x2 + y5.
Lemma 5.6. Assume f(x, y) = x2 +
∑
i,j|3≤i+j≤4 ai,jx
iyj where a0,3 = a0,4 = a0,5 =
a1,2 = a1,3 = 0 and a1,4 6= 0. In this case f is Morse equivalent to x2 + xy4 using the
deformation F (x, y, t) = x2 + a1,4xy
4 + t× (H.O.T.), followed by the coordinate change
(x, y)→ (x, 14√a1,4 y).
Lemma 5.7. Assume f(x, y) = x2 +
∑
i,j|3≤i+j≤4 ai,jx
iyj where a0,3 = a0,4 = a0,5 =
a1,2 = a1,3 = a1,4 = 0. Then f is Morse equivalent to x
2 using the deformation
F (x, y, t) = x2 + t× (H.O.T.).
Now assume f(x, y) = (x+ y2)2 +
∑
i,j ai,jx
iyj .
Lemma 5.8. If a0,5 6= a1,3 − a2,1 then f is Morse equivalent to x2 + y5.
Proof. This has generic polar x = −y2, which has Lojasiewicz exponent 5. Hence by
proposition 3.8 f is Morse equivalent to x2 + y5.
The following five lemmas use similar proofs to those of the quadratics in J4, so we
will merely state the lemmas.
Lemma 5.9. If a0,5 = a1,3− a2,1 and a1,4 6= −a22,1 + a2,1a1,3 + a2,2− 1/4a21,3− a3,0 then
f
M∼ (x+ y2)2 + x3.
Lemma 5.10. If:
a0,5 = a1,3 − a2,1
a1,4 =− a22,1 + a2,1a1,3 + a2,2 −
1
4
a21,3 − a3,0
a2,3 6=− 1
2
a22,1a1,3 + a2,1a2,2 +
1
2
a2,1a
2
1,3 − 2a2,1a3,0 −
1
2
a2,2a1,3 − 1
8
a31,3 + a1,3a3,0 + a3,1
then f
M∼ (x+ y2)2 + x3y.
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Lemma 5.11. If:
a0,5 = a1,3 − a2,1
a1,4 =− a22,1 + a2,1a1,3 + a2,2 −
1
4
a21,3 − a3,0
a2,3 =− 1
2
a22,1a1,3 + a2,1a2,2 +
1
2
a2,1a
2
1,3 − 2a2,1a3,0 −
1
2
a2,2a1,3 − 1
8
a31,3 + a1,3a3,0 + a3,1
a3,2 6=− 1
4
a42,1 + a
3
2,1a1,3 −
1
2
a22,1a2,2 −
11
8
a22,1a
2
1,3 + a2,1a2,2a1,3 +
3
4
a2,1a
3
1,3 − a2,1a1,3a3,0+
+ a2,1a3,1 − 1
4
a22,2 −
3
8
a2,2a
2
1,3 + a2,2a3,0 −
9
64
a41,3 +
1
2
a21,3a3,0 −
1
2
a1,3a3,1 + a4,0 − a23,0
then f
M∼ (x+ y2)2 + x4.
The strata with Lojasiewicz exponent 9 and higher are more complicated, and magma
was used for some of the algebra. For the next lemmas we use the following substitutions
to help simplify:
r1 = −a2,1 + 1
2
a1,3
r2 = a
2
2,1 − a2,2 −
1
4
a21,3 + 2a3,0
P1 = a3,1 + 2a2,1r
2
1 − a2,1r2 + 2a3,0r1 + 6r31 − 3r1r2
P2 =
1
4
a2,1P1 + a3,0r
2
1 −
1
2
a3,0r2 +
3
2
r41 −
3
2
r21r2 +
3
4
r1P1 +
3
8
r22 +
1
2
a4,0
Using these, the condition on a3,2 in the previous lemma can be simplified to:
a3,2 6= a4,0 + (a3,0 − a2,2)r21 − r1a3,1 − r31a1,3 − 14r22 , and similar simplifications can be
made for the other equalities.
Lemma 5.12. If:
a0,5 = a1,3 − a2,1
a1,4 =− r21 + a2,2 − a3,0
a2,3 =a3,1 + 2r1a3,0 − r1a2,2 − 1
2
r21a1,3
a3,2 =a4,0 + (a3,0 − a2,2)r21 − r1a3,1 − r31a1,3 −
1
4
r22
a4,1 6=− 1
32
(3a1,3 − 2a2,1)2(3a1,3 − 4a2,1)r21 −
1
8
(3a1,3 − 2a2,1)(3a1,3 − 4a2,1)r1a2,2 − r1a4,0+
+
1
2
(3a1,3 − 2a2,1)(a1,3 − a2,1)r1a3,0 − 1
8
(3a1,3a2,2 − 4a2,1a2,2 − 2a1,3a3,0)(a2,2 − 2a3,0)+
+ (
1
2
r2/2− r21)a3,1
then f
M∼ (x+ y2)2 + x4y.
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Lemma 5.13. If:
a0,5 = a1,3 − a2,1
a1,4 =− r21 + a2,2 − a3,0
a2,3 =a3,1 + 2r1a3,0 − r1a2,2 − 1
2
r21a1,3
a3,2 =a4,0 + (a3,0 − a2,2)r21 − r1a3,1 − r31a1,3 −
1
4
r22
a4,1 =− 1
32
(3a1,3 − 2a2,1)2(3a1,3 − 4a2,1)r21 −
1
8
(3a1,3 − 2a2,1)(3a1,3 − 4a2,1)r1a2,2 − r1a4,0+
+
1
2
(3a1,3 − 2a2,1)(a1,3 − a2,1)r1a3,0 − 1
8
(3a1,3a2,2 − 4a2,1a2,2 − 2a1,3a3,0)(a2,2 − 2a3,0)+
+ (
1
2
r2/2− r21)a3,1
a5,0 6=− 1
4
p21 + a4,0(
1
2
r2 − r21)−
1
16
(3a2,2 − 2a3,0)(a2,2 − 2a3,0)(3a1,3 − 2a2,1)r1+
+
1
32
(3a1,3 − 2a22,1r21(4a3,0 − 3a2,2)−
1
64
(3a1,3 − 2a2,1)3r31 −
1
8
a2,2(a2,2 − 2a3,0)2
then f
M∼ (x+ y2)2 + x5.
Lemma 5.14. If all of the following equations hold:
a0,5 = a1,3 − a2,1
a1,4 =− r21 + a2,2 − a3,0
a2,3 =a3,1 + 2r1a3,0 − r1a2,2 − 1
2
r21a1,3
a3,2 =a4,0 + (a3,0 − a2,2)r21 − r1a3,1 − r31a1,3 −
1
4
r22
a4,1 =− 1
32
(3a1,3 − 2a2,1)2(3a1,3 − 4a2,1)r21 −
1
8
(3a1,3 − 2a2,1)(3a1,3 − 4a2,1)r1a2,2 − r1a4,0+
+
1
2
(3a1,3 − 2a2,1)(a1,3 − a2,1)r1a3,0 − 1
8
(3a1,3a2,2 − 4a2,1a2,2 − 2a1,3a3,0)(a2,2 − 2a3,0)+
+ (
1
2
r2/2− r21)a3,1
a5,0 =− 1
4
p21 + a4,0(
1
2
r2 − r21)−
1
16
(3a2,2 − 2a3,0)(a2,2 − 2a3,0)(3a1,3 − 2a2,1)r1+
+
1
32
(3a1,3 − 2a22,1r21(4a3,0 − 3a2,2)−
1
64
(3a1,3 − 2a2,1)3r31 −
1
8
a2,2(a2,2 − 2a3,0)2
and P1P2 6= 0, then f M∼ (x+ y2)2 + 2(x2y + x3)(x+ y2)− x5.
Proof. Both P1 and P2 are algebraic equations in the variables
(a1,3, a2,1, a2,2, a3,0, a3,1, a4,0) ∈ C6, so the subset of C6 on which both P1 and P2 are
non-zero will be (path) connected. (I.e. the complement of the union of the zero set
ofP1 and P2 in C6, which will be connected as the zero set of a complex polynomial has
codimension at least two.)
The jet (x+ y2)2 + 2(x2y+ x3)(x+ y2)− x5 corresponds to the point (0, 0, 0, 0, 2, 2)
in C6, which has P1 = 2 and P2 = 1. We can use the connectedness of the subset of C6
30
to find a path between any point (a1,3, a2,1, a2,2, a3,0, a3,1, a4,0) which has P1 and P2
non-zero and (0, 0, 0, 0, 2, 2) such that P1 and P2 are never zero on this path.
Now consider the representation of J5 as C20 defined by the coefficients of each
term (a1,0, a0,1, a2,0, a1,1, . . . , a0,5). We can embed our subset of C6 into J5 by simply
using the equations for a0,5, a1,4, . . . to evaluate the other coefficients. Since this is well
defined, the connectedness property will remain, and so we have a path along which we
need to deform to get a Morse stable deformation between f and (x + y2)2 + 2(x2y +
x3)(x+ y2)− x5.
Now assume P1P2 is 0. There are two cases, P1 = 0 or P2 = 0:
Lemma 5.15. If P1(x, y) = 0 and (a3,0r
2
1 − 12a3,0r2 + 32r41 − 32r21r2 + 38r22 + 12a4,0)2 6= 0,
then f is Morse equivalent to (x+ y2)2 + x4 + x3y2.
Proof. As there is only one term in a3,1 in P1, the condition that P1 = 0 is the same
as requiring a3,1 = −(2a2,1r21 − a2,1r2 + 2a3,0r1 + 6r31 − 3r1r2). If P1 = 0 and (a3,0r21 −
1
2a3,0r2 +
3
2r
4
1 − 32r21r2 + 38r22 + 12a4,0)2 6= 0, the coefficient of y12 in the expansion of
f(x+ λ(y), y) is non-zero. We can represent each jet which satisfies these conditions by
a point (a1,3, a2,1, a2,2, a3,0, a4,0) ∈ C5, with the condition that (a3,0r21 − 12a3,0r2 +
3
2r
4
1 − 32r21r2 + 38r22 + 12a4,0)2 6= 0. We can use a similar argument to the proof of lemma
5.14 to embed this subset of C4 into J5.
Note that the jet (x + y2)2 + x4 + x3y2 is equivalent to the point (0, 0, 0, 0, 1). So
we can connect the point (a1,3, a2,1, a2,2, a3,0, a4,0) corresponding to f to the point
(0, 0, 0, 0, 1) in C5. Embedding this path into J5 will give us the path along which we
need to deform. Hence f is Morse equivalent to (x+ y2)2 + x4 + x3y2.
Lemma 5.16. If P1 = 0 and (a3,0r
2
1 − 12a3,0r2 + 32r41 − 32r21r2 + 38r22 + 12a4,0)2 = 0, f is
Morse equivalent to x2.
Proof. If this is zero then f is equal to:
(x+ y2 + axy + bx2)2(1 + cx+ dy) ,
where
a = a2,1 − 1
2
a1,3 = r1
b = a3,0 − 1
2
a22,1 + a2,1a1,3 −
1
2
a2,2 − 3
8
a21,3
c = a22,1 − 2a2,1a1,3 + a2,2 +
3
4
a1,3 − a3,0
d = a1,3 − a2,1 ,
which is Morse equivalent to x2.
Corollary 5.17. If P1 = P2 = 0 then f is Morse equivalent to x
2.
This follows directly, noting that when P1 = 0,
P2 = a3,0r
2
1 − 12a3,0r2 + 32r41 − 32r21r2 + 38r22 + 12a4,0.
Lemma 5.18. If P2 = 0 and P
2
1 (−58a2,1 + 98a2,1a1,3 − 38a2,2 − 2764a1,3 + 12a3,0) 6= 0 then
f is Morse equivalent to (1 + y)(x+ y2)2 + (x2y − 12x3)(x+ y2)− 14x5.
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Proof. The condition P2 = 0 is equivalent to
a4,0 = −2(1
4
a2,1P1 + a3,0r
2
1 −
1
2
a3,0r2 +
3
2
r41 −
3
2
r21r2 +
3
4
r1P1 +
3
8
r22)
(Note that none of P1, r1 and r2 contain a term in a4,0, so this is well defined.) So we can
represent each jet which satisfies these conditions by a point (a1,3, a2,1, a2,2, a3,0, a3,1) ∈
C5. We can use a similar argument to the proof of lemma 5.14 to show that f M∼
(1 + y)(x+ y2)2 + (x2y − 12x3)(x+ y2)− 14x5.
Lemma 5.19. (1 + y)(x+ y2)2 + (x2y − 12x3)(x+ y2)− 14x5 is not Morse equivalent to
(x+ y2)2 + x4 + x3y2.
Proof. As P1 and P2 are linearly independent they are transversal, and if both are 0
then f has Lojasiewicz exponent ∞. Hence these cannot be connected by a smooth
deformation in J5(2,1)(C).
Lemma 5.20. If P2 = 0 and:
−5
8
a2,1 +
9
8
a2,1a1,3 − 3
8
a2,2 − 27
64
a1,3 +
1
2
a3,0 = 0 ,
then f is Morse equivalent to (x+ y2)2 + 2x2y3 + 2x3y − x5.
Proof. The condition −58a2,1 + 98a2,1a1,3 − 38a2,2 − 2764a1,3 + 12a3,0 = 0 can be simplified
to give a3,0 = −2(−58a2,1 + 98a2,1a1,3 − 38a2,2 − 2764a1,3). The coefficient of y13 in this
expansion will be 18P
3
1 . Note that (x+y
2)2 +2x2y3 +2x3y−x5 corresponds to the point
(0, 0, 0, 2) ∈ C4. Hence we can use the embedding of {(a1,3, a2,1a2,2, a3,1) ∈ C4} into the
jet space and avoid the zero set of the polynomial P1 = 0.
Now to find any higher order strata we need the coefficient of y13 in the expansion
of f evaluated at the truncated polar to be zero. But this would require P1 = 0, and by
corollary 5.17 if both P1 and P2 are zero then f is Morse equivalent to x
2. So we have
now examined every possible case.
Proof of proposition 5.3. Let f(x, y) be a 5-jet with quadratic first term. As in the proof
of theorem 4.1, we first apply a coordinate change to find a mini-regular 5-jet g(x, y)
which is Morse equivalent to f , and has leading term x2. We now check the coefficients
of g with respect to the conditions of the above lemmas. In the cases where g can be
written as g(x, y) = (x + ay2)2 + . . . , we can apply a second coordinate change to get
g
M∼ g′ = (x+ y2)2 + . . . . Once we have found which lemma g or g′ satisfies we can use
the transitive property of equivalence relations to show that f
M∼ g M∼ g′, so f has the
same classification as g or g′.
As the lemmas take every case into account we have sufficiency, and necessity follows
from strata with different Lojasiewicz exponents being necessarily distinct along with
lemmas 3.9 and 5.19.
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For strata with cubic first term we will look at the preimage of the projection pi4 :
J5(2,1)(C)→ J4(2,1)(C). Let f(x, y) = H3(x, y) +H4(x, y) +H5(x, y).
First note that if f has a Lojasiewicz exponent less than five then f is Morse equiv-
alent to the projection of f onto J4. In particular, we have the following lemmas:
Lemma 5.21. If H3(x, y) is non-degenerate then f is Morse equivalent to x
3 + y3.
Lemma 5.22. If H3(x, y) = (ax+ by)
3 for some a and b, and ax+ by = 0 is not a root
of H4(x, y) then f is Morse equivalent to x
3 + y4.
Lemma 5.23. If H3(x, y) = (ax+ by)
3 for some a and b, and ax+ by = 0 is a root of
H4(x, y) with multiplicity one, then f is Morse equivalent to x
3 + xy3.
Lemma 5.24. If H3(x, y) has one double root and one single root, and the double root
is not a root of H4(x, y) then f is Morse equivalent to x
2y + y4.
Proof. These lemmas all follow from the classification of their 4-jets and lemma 3.7.
So we only need to examine the jets which project to 4-jets that are equivalent to:
x2y +H.O.T., x3 + x2y2 +H.O.T. and x3.
In this case a coordinate transformation can be made to show that f is Morse
equivalent to x2y+H.O.T. . (IfH3(x, y) = (ax+by)
2(cx+dy) then noting that ax+by and
cx+dy must be linearly independent, we can simply use the transformation u = ax+by,
v = cx+dy.) So we simply need to classify the jets x2y+
∑
i,j ai,jx
iyj , with 4 ≤ i+j ≤ 5
and a0,4 = 0 (from lemma 5.24).
Proposition 5.25. If f is a stratum in J5 with linear and quadratic terms equal to
zero and a non-zero cubic term which has one single root and one double root then it is
Morse equivalent to one of the strata of the form x2y +H.O.T. in theorem 5.1.
Lemma 5.26. If the weighted homogeneous polynomial x2y + a1,3xy
3 + a0,5y
5 is non-
degenerate then f is Morse equivalent to x2y + y5.
Proof. This proof is very similar to the proof of proposition 3.8, so we will merely sketch
it. Note that as the polars of f have different Lojasiewicz exponents, we only need to
find an almost Morse stable deformation. Write f(x, y) = x2y + R(x, y), and let ay5
be the valuation of one of the polars of f (the other will have Lojasiewicz exponent 3).
Now f is Morse equivalent to g(x, y) = x2y +R(x, 0) + ay5 using the deformation
F (x, y, t) = x2y +R(x, ty) + (1− t5)ay5 ,
and g(x, y) is Morse equivalent to x2y + ay5 using the deformation
G(x, y, t) = x2y + tR(x, 0) + ay5 ,
so the lemma follows from transitivity.
Lemma 5.27. If f(x, y) = x2y +
∑
i,j ai,jx
iyj, where a0,j = 0, a1,2 = a1,3 = 0 and
a1,4 6= 0 then f is Morse equivalent to x2y + xy4.
The proof of this follows from similar reasoning to the proof of lemma 3.9.
Now if a21,3 = 4a0,5 then by applying a linear coordinate change we may assume
a1,3 = 2.
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Lemma 5.28. Assume f(x, y) = y(x+ y2)2 +
∑
i,j ai,jx
i + yj, where 4 ≤ i+ j ≤ 5 and
(i, j) 6= (0, 5) or (1, 3). Then f is Morse equivalent to one of the following 5-jets with
the conditions as set out in the table below. Note that the coefficients must satisfy all
preceding equality conditions.
Stratum Loj Equality Condition Inequality
y(x+ y2)2 + x3 (3, 6) a2,2 6= a1,4
y(x+ y2)2 + x3y (3, 7) a2,2 = a1,4, a2,3 6= a3,1 + 1
4
a21,4
y(x+ y2)2 + x4 (3, 8) a2,3 = a3,1 +
1
4
a21,4, a3,2 6= a4,0 +
1
2
a1,4a3,1
y(x+ y2)2 + x4y (3, 9) a3,2 = a4,0 +
1
2
a1,4a3,1, a4,1 6= 1
2
a4,0a1,4 +
1
4
a23,1
y(x+ y2)2 + x5 (3, 10) a4,1 =
1
2
a4,0a1,4 +
1
4
a23,1 a5,0 6=
1
2
a4,0a3,1
y(x+ y2)2 + x3(x+ y2) (3, 11) a5,0 =
1
2
a4,0a3,1 a4,0 6= 0
y(x+ y2)2 (3,∞) a4,0 = 0
Proof. For f(x, y) = y(x+ y2)2 +
∑
i,j ai,jx
iyj , there are two generic polars, which are
the roots of 2xy + 2y3 + cx2 + 2cxy2 + cy4 + H.O.T. . By sliding, one of these will be
x = 2cy +H.O.T. , and the other will be x = −y2 +H.O.T. . For generic c (specifically
c 6= 0) x = 2cy is not a root of f(x, y) = 0, and f(2cy, y) = 4c2 y3 + H.O.T. . Hence this
polar has Lojasiewicz exponent 3, while the other will have Lojasiewicz exponent at
least 4. It can easily be seen that f(x, y) = 0 has three roots - one of which splits from
the tree of f at height one, and a pair of roots which split at a height determined by the
Lojasiewicz exponent of the second polar. Hence the trees for any two germs with the
same pair of Lojasiewicz exponents will be identical. As the two polars are on different
branches, the other conditions for Morse type are trivially satisfied. It remains to check
the deformation condition. We will use the deformations in the following table:
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Stratum Deformation
y(x+ y2)2 + x3 y(x+ y2)2 + ta2,2x
2y2 + ta1,4xy
4+
+(1− t)(a1,4 − a2,2)x3 + t(H.O.T.)
y(x+ y2)2 + x3y y(x+ y2)2 + ta1,4(x
2y2 + xy4) + t2a2,3+
+
(
a3,1 + (1− t2)(1
4
a21,4 − a2,3)
)
x3y + t(H.O.T.)
y(x+ y2)2 + x4 y(x+ y2)2 + ta1,4(x
2y2 + xy4) + t2(a3,1 + 1/4a
2
1,4)x
2y2+
+t2a3,1x
3y + t3a3,2x
3y2 +
(
a4,0 + (1− t3)(1
2
a3,1a1,4 − a3,2)
)
x4
+t(a4,1x
4y + a5,0x
5)
y(x+ y2)2 + x4y y(x+ y2)2 + ta1,4(x
2y2 + xy4) + t2(a3,1 + 1/4a
2
1,4)x
2y2+
t2a3,1x
3y + t3(a4,0 +
1
2
a1,4a3,1)x
3y + t3a4,0x
4+
+
(
a4,1 − (1− t4)(1
2
a4,0a1,4 +
1
4
a23,1)
)
x4y + ta5,0x
5
y(x+ y2)2 + x5 y(x+ y2)2 + ta1,4(x
2y2 + xy4) + t2(a3,1 + 1/4a
2
1,4)x
2y2+
t2a3,1x
3y + t3(a4,0 +
1
2
a1,4a3,1)x
3y + t3a4,0x
4+
t4(
1
2
a4,0a1,4 +
1
4
a23,1)x
4y + t5
(
a5,0 − 1
2
(1− t5)a4,0a3,1
)
x5
y(x+ y2)2 + x3(x+ y2) y(x+ y2)2 + ta1,4(x
2y2 + xy4) + t2(a3,1 + 1/4a
2
1,4)x
2y2+
t2a3,1x
3y + (a4,0 +
1
2
t3a1,4a3,1)x
3y + a4,0x
4+
t4(
1
2
a4,0a1,4 +
1
4
a23,1)x
4y +
1
2
t5a4,0a3,1
This proof is done in exactly the same manner as the quadratic case. Note that
these deformations do not take f to the normal form, the last term is multiplied by a
constant. For example, y(x + y2)2 + a3,1x
3y, where a3,1 6= 0. The existence of another
deformation between this and the normal form (y(x + y2)2 + x3y in the example) is
trivial. For the final stratum when a4,0 = 0, we can use this factorisation: f(x, y) =
y(x+ y2 + 1/2a1,4xy + 1/2a3,1x
2)2. The deformation is then
F (x, y, t) = y(x+ y2 +
1
2
ta1,4xy +
1
2
ta3,1x
2)2 .
This concludes the proof of proposition 5.25.
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The cases where the 4-jet of f is equivalent to either x3 + x2y2 or x3 we will treat
together. By applying a coordinate change if necessary, we may assume
f(x, y) = x3 + a2,2x
2y2 + a3,1x
3y + a4,0x
4 +H5(x, y) .
Proposition 5.29. If f is a stratum in J5 with linear and quadratic terms equal to zero
and a non-zero cubic term which has one triple root then it is Morse equivalent to one
of the strata of the form x3 +H.O.T. in theorem 5.1.
Lemma 5.30. If a0,5 6= 0, f is Morse equivalent to x3 + y5.
Proof. When a0,5 6= 0 then from the Newton polygon of f(x, y), the roots will be x =
ωi 3
√−a0,5y 53 , while the polars will have lowest order term in at least y2. Hence there
is one truncated polar x = 0 of multiplicity 2. This has valuation a0,5y
5, and hence
Lojasiewicz exponent 5. In this case we may use the deformation F (x, y, t) = x3 +
a0,5y
5 + tR(x, y), where R(x, y) is the polynomial such that F (x, y, 1) = f(x, y). This is
clearly Morse stable.
Lemma 5.31. If a0,5 = 0, a1,4 6= 0, 4a22,2 6= 12a1,4 and a22,2 6= 4a1,4, then f is Morse
equivalent to x3 + xy4.
Proof. The edge of the Newton polygon of f will be x3 + a2,2x
2y2 + a1,4xy
4. There are
three roots: x = 0 and x = riy
2 + H.O.T. , where ri are the roots of the quadratic
x2 + a2,2x + a1,4. The two generic polars will be x = siy
2 + H.O.T. , where si are the
roots of 3x2 + 2a2,2x+ a1,4. There are a number of cases to consider:
if 4a22,2 6= 12a1,4 and a22,2 6= 4a1,4 then the generic polars will be distinct, and not roots
of the edge. In this case the truncated polars will be x = siy
2, which will both have
Lojasiewicz exponent 6. In particular, we can apply a deformation:
F (x, y, t) = x3 + a2,2x
2y2 + a1,4xy
4 + t(R(x, y))
to show f is Morse equivalent to x3 + a2,2x
2y2 + a1,4xy
4. Now consider the deformation
x3 + a(t)x2y2 + a1,4xy
4, a(t) ∈ C: this is Morse stable for all but four values of a(t) -
which are: ±2√a1,4 and ±2
√
3a1,4. As none of these four will be zero, there will be a
smooth function a(t) with a(0) = a2,2, a(1) = 0, a(t) 6= ±2√a1,4 and a(t) 6= ±2
√
3a1,4
on the complex interval IC. Hence f is Morse equivalent to x
3 + a1,4xy
4 which is Morse
equivalent to x3 + xy4.
Lemma 5.32. If 4a22,2 = 12a1,4, f is Morse equivalent to x
3 + 3x2y2 + 3xy4.
Proof. In this case the leading edge of fx is:
3x2 + 2a2,2xy
2 + a1,4y
4 = 3x2 + 2a2,2xy
2 +
1
3
a22,2 =
1
3
(3x+ a2,2y
2)2 .
Hence both polars will be of the form x = −13a2,2y2 + H.O.T. . Note that necessarily
−13a2,2 will not be a root of x2 +a2,2x+a1,4. Hence the truncated polar is x = −13a2,2y2
with multiplicity 2. This has Lojasiewicz exponent 6, so we can again use the deforma-
tion F (x, y, t) = x3 + a2,2x
2y2 + 13a
2
2,2xy
4 + t(R(x, y)) to get that f is Morse equivalent
to x3 + a2,2x
2y2 + 13a
2
2,2xy
4. Now x3 + a2,2(t)x
2y2 + 13a
2
2,2(t)xy
4 is a Morse stable defor-
mation whenever a2,2 6= 0. Hence f is Morse equivalent to x3 + 3x2y2 + 3xy4 (which is
when a2,2 = 3).
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Now assume a22,2 = 4a1,4, in this case f(x, y) = x(x +
1
2a2,2y
2)2 + H.O.T. . We can
without loss of generality assume a1,4 = 1. So
f(x, y) = x(x+ y2)2 + a2,3x
2y3 + a3,1x
3y + a3,2x
3y2 + a4,0x
4 + a4,1x
4y + a5,0x
5 .
Lemma 5.33. The strata and conditions for f(x, y) = x(x+y2)2 +a2,3x
2y3 +a3,1x
3y+
a3,2x
3y2 + a4,0x
4 + a4,1x
4y + a5,0x
5 are summarised in the following table: (note that a
stratum requires all of the preceding equality conditions.)
Stratum Loj Equality Condition Inequality
x(x+ y2)2 + x3y (6, 7) a2,3 6= a3,1
x(x+ y2)2 + x4 (6, 8) a2,3 = a3,1, a3,2 6= a4,0 + 1/4a22,3
x(x+ y2)2 + x4y (6, 9) a3,2 = a4,0 + 1/4a
2
2,3, a4,1 6= 1/2a4,0a2,3
x(x+ y2)2 + x5 (6, 10) a4,1 = 1/2a4,0a2,3, a5,0 6= 1/4a24,0
x(x+ y2)2 (6,∞) a5,0 = 1/4a24,0
Proof. If a22,2 = 4a1,4, then the roots of f will be x = −12a2,2y2+H.O.T. , and the polars
will neccessarily be x = −12a2,2y2 +H.O.T. and x = sy2 +H.O.T. , for some s 6= −12a2,2.
For this polar, the truncated polar is x = sy2 which has Lojasiewicz exponent 6, while
the other polar will have Lojasiewicz exponent greater than 6. This means the tree
model of f will have one root x = 0 which splits at height two and a pair of roots which
split at a height determined by the Lojasiewicz exponent of the second polar. As with
the y(x + y2)2 + ... case, the other conditions for Morse type are trivially satisfied, so
we only need to look at the deformation condition.
The deformations can be constructed in the same manner as for the corresponding
part of the quadratic case. Specifically:
Stratum Deformation
x(x+ y2)2 + x3y x(x+ y2)2 + ta2,3x
2y3 +
(
a3,1 + (t− 1)a2,3
)
x3y + tR1(x, y)
x(x+ y2)2 + x4 x(x+ y2)2 + ta3,1x
2y3 + ta3,1x
3y + t2a3,2x
3y2+
+(a4,0 + (1− t2)(a23,1/4− a3,2)x4 + tR2(x, y)
x(x+ y2)2 + x4y x(x+ y2)2 + ta3,1x
2y3 + ta3,1x
3y + t2a3,2x
3y2+
+(t2a3,2 − t2a3,1)x4 + (a4,1 + (1− t3)a4,0a2,3)x4y + tR3(x, y)
x(x+ y2)2 + x5 x(x+ y2)2 + ta3,1x
2y3 + ta3,1x
3y + t2a3,2x
3y2+
+(t2a3,2 − t2a3,1)x4 + t3a4,0a2,3x4y + (a5,0 + 1
4
(t4 − 1)a4,0)x5
x(x+ y2)2 x(x+ y2 +
1
2
ta2,3xy +
1
2
ta4,0x
2)2
where for the final case f(x, y) can be factorised to give
f(x, y) = x(x+ y2 + 1/2a2,3xy + 1/2a4,0x
2)2 .
Lemma 5.34. If a0,5 = a1,4 = 0 and a2,2 6= 0, f is Morse equivalent to x3 + x2y2.
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Proof. We may write f(x, y) = x3+a2,2x
2y2+x2(R(x, y)). This has generic polars x = 0
and x = −23a2,2y2+H.O.T. , and roots x = 0 (mult. 2) and x = −a2,2y2+H.O.T. . Hence
the truncated polars are x = 0 and x = −23a2,2y2, which have Lojasiewicz exponents ∞
and 6 respectively. In this case we may use the deformation F (x, y, t) = x3 + a2,2x
2y2 +
tx2(R(x, y)), so f(x, y)
M∼ x3 + x2y2.
Lemma 5.35. The stratum x(x+ y2)2 is distinct from x3 + x2y2 in J5.
Proof. These both have two polars with Lojasiewicz exponents six and zero, so we must
show that there is no Morse stable deformation connecting them in J5. First note that
if we have a Morse stable deformation F (x, y, t) for which some ft are not mini-regular
we can use coordinate changes on F to construct a Morse stable deformation G(x, y, t)
for which every gt is mini-regular. Hence we may continue to work in the mini-regular
case.
For jets in both these strata the leading edge of the Newton polygon will be weighted
homogeneous of the form (x+a1y
2)2(x+a2y
2). For x(x+y2)2, a2 = 0 and for x
3+x2y2,
a1 = 0 (i.e. they correspond to the x and y axis when we represent (a1, a2) in C2).
Now if both a1 and a2 are zero the leading edge is degenerate (x
3). If both a1 and
a2 are non-zero, there will be a term in y
6 with non-zero coefficient, so this is no longer
in J5. Hence in this representation, the stratum x(x + y2)2 is the x axis without the
origin and the stratum x3 + x2y2 is the y axis without the origin. Clearly these are not
connected and hence it is not possible to find a deformation connecting these strata in
J5.
Lemma 5.36. If a0,5 = a1,4 = a2,2 = 0, and a2,3 6= 0, f is Morse equivalent to x3+x2y3.
Proof. We may write f(x, y) = x3 + a2,3x
2y3 + x3R(x, y)). In this case we use the
deformation F (x, y, t) = x3 + a2,3x
2y3 + tx3(R(x, y)). Clearly x = 0 is a root of multi-
plicity 2 (and hence a generic polar with Lojasiewicz exponent ∞) for all t. Hence this
deformation is Morse stable, and we have another stratum.
Lemma 5.37. If a0,5 = a1,4 = a2,2 = a2,3 = 0, f is Morse equivalent to x
3.
Proof. In this case, we may write:
f(x, y) = x3(1+H.O.T.) , and use the deformation F (x, y, t) = x3(1+t(H.O.T.)), which
is clearly Morse stable, to get f(x, y)
M∼ x3.
This concludes the proof of proposition 5.29.
Now we have covered every case, and can finalise the proof of theorem 5.1
Proof of theorem 5.1. The linear, quartic and quintic strata are proven by lemma 5.2,
the quadratic follow from proposition 5.3 and the cubics from propositions 5.25, 5.29
and lemma 3.7. Necessity follows from the strata with different Lojasiewicz exponents
being distinct, plus lemmas 3.9 and 5.35.
38
5.2 The projection of the stratification for J5
Due to the convoluted nature of the projection of the quadratic strata in J5 we shall
explicitly write this in the following table, the other projections are easy to read off the
diagram below.
Strata in J5 Strata in J4
Sx2+y2 Sx2+y2
Sx2+y3 Sx2+y3
Sx2+y4 Sx2+y4
Sx2+y5 Sx2+xy3 ; S(x+y2)2+x2y; S(x+y2)2+x3 ; S(x+y2)2+x3y; S(x+y2)2+x4 ; Sx2
Sx2+xy3 Sx2+xy3 ; S(x+y2)2+x2y; S(x+y2)2+x3 ; S(x+y2)2+x3y; S(x+y2)2+x4 ; Sx2
S(x+y2)2+x3y S(x+y2)2+x2y; S(x+y2)2+x3 ; S(x+y2)2+x3y; S(x+y2)2+x4 ; Sx2
S(x+y2)2+x4 S(x+y2)2+x2y; S(x+y2)2+x3 ; S(x+y2)2+x3y; S(x+y2)2+x4 ; Sx2
S(x+y2)2+x4y S(x+y2)2+x2y; S(x+y2)2+x3 ; S(x+y2)2+x3y; S(x+y2)2+x4 ; Sx2
S(x+y2)2+x5 S(x+y2)2+x2y; S(x+y2)2+x3 ; S(x+y2)2+x3y; S(x+y2)2+x4 ; Sx2
S11 S(x+y2)2+x2y; S(x+y2)2+x3 ; S(x+y2)2+x3y
S12 S(x+y2)2+x2y; S(x+y2)2+x3 ; S(x+y2)2+x4
S′12 S(x+y2)2+x2y; S(x+y2)2+x3 ; S(x+y2)2+x3y
S13 S(x+y2)2+x2y; S(x+y2)2+x3 ; S(x+y2)2+x3y
Sx2 S(x+y2)2+x2y; S(x+y2)2+x3 ; Sx2
Sx2+xy4 Sx2
Additionally, the strata Sx2+y5 , Sx2+xy3 and Sx2 in J
5 project (via Sx2 in J
4) onto
both Sx2 and Sx2+xy2 in J
3. The stratum Sx2+xy4 projects only onto Sx2 in J
3, while
the other strata (S(x+y2)2+x3y, S(x+y2)2+x4 , S(x+y2)2+x4y, S(x+y2)2+x5) project only to
Sx2+xy2 . The other projections from J
5 onto J3 are straightforward.
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J5(2,1) Sx2+y2 Sx2+y3 Sx2+y4 Sx2+y5 Sx2+xy3 S(x+y2)2+x3y S(x+y2)2+x4 S(x+y2)2+x4y S(x+y2)2+x5 S11 S12 S
′
12 S13 Sx2 Sx2+xy4
J4(2,1) Sx2+y2 Sx2+y3 Sx2+y4 Sx2+xy3 S(x+y2)2+x2y S(x+y2)2+x3 S(x+y2)2+x3y S(x+y2)2+x4 Sx2
pi4
pi3
pi2
pi1
J3(2,1)
J2(2,1)
J1(2,1)
Sx2+y2
Sx2+y2
Sx2+y3 Sx2+xy2 Sx2
Sx2
{0}
2 3 4 5 6 7 8 9 10 11 12 12 13 ∞ 8
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J5(2,1) Sx3+y3 Sx2y+y4 Sx2y+y5 Sx2y+xy4 Sx2y Sx3+y(x+y2)2 S(3,7) S(3,8) S(3,9) S(3,10) S(3,11)
J4(2,1) Sx3+y3 Sx2y+y4 Sx2y Sx2y+xy3
(3, 4)(3, 3) (3, 5) (3, 7) (3,∞) (3, 6) (3, 7) (3, 8) (3, 9) (3, 10) (3, 11)
J3(2,1) Sx3+y3 Sx2y
J2(2,1)
J1(2,1)
{0}
{0}
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J5(2,1) Sx3+y4 Sx3+xy3 Sx3+y5 Sx3+xy4 Sx3+x2y3 Sx3 S(6,7) S(6,8) S(6,9) S(6,10) Sx3+x2y2 Sx(x+y2)2 Sx3+3x2y2+3xy4
J4(2,1) Sx3+y4 Sx3+xy3 Sx3 Sx3+x2y2
(4) (4.5, 4.5) (5) (6, 6) (9,∞) (∞) (6, 7) (6, 8) (6, 9) (6, 10) (6,∞) (6,∞) (6)
J3(2,1) Sx3
J2(2,1)
J1(2,1)
{0}
{0}
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J5(2,1) Sx4+y4 Sx4+x2y2+y5 Sx4+x2y2+xy4 Sx4+x2y2 Sx4+y5 Sx4+xy4 Sx4+x2y3 Sx4+x3y2 Sx4
J4(2,1) Sx4+y4 Sx4+x2y2 Sx4
(4, 4, 4) (4, 4, 5) (4, 4, 6) (4, 4,∞) (5) (513 , 513 , 513)(6, 6,∞) (8,∞) (∞)
J2(2,1)
J3(2,1)
J1(2,1)
{0}
{0}
{0}
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J5(2,1) Sx3y+xy4 Sx3y+x2y3 Sx3y Sx3y+y5 Sx2y2+(x+y)5 Sx2y2+x(x+y)4 Sx2y2+x5 Sx2y2+xy(x+y)3 Sx2y2+x4y Sx2y2
J4(2,1) Sx3y Sx2y2
(4, 5.5, 5.5) (4, 7,∞) (4,∞) (4, 5) (4, 5, 5) (4, 5, 6) (4, 5,∞) (4, 6, 6) (4, 6,∞) (4,∞,∞)
J3(2,1)
J2(2,1)
J1(2,1)
{0}
{0}
{0}
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J5(2,1) Sx {0} Sx5 Sx4y Sx3y2 Sx5+x3y2 Sx(x2+y2)2 Sx5+x2y3 Sx5+y5
J4(2,1) Sx {0}
J2(2,1)
J3(2,1)
J1(2,1)
Sx
Sx
Sx
{0}
{0}
{0}
(∞) (5,∞) (5,∞,∞) (5, 5,∞) (5, 5,∞,∞) (5, 5, 5,∞) (5, 5, 5, 5, 5)
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Chapter 6
Stratification of J6
(2,1)
(C)
Theorem 6.1. The Morse classification for J6(2,1)(C) is given in the following tables:
Strata Containing Lojasiewicz Exponent(s) Conditions
6
x6 + y6 (6, 6, 6, 6, 6)
x6 + x2y4 (6, 6, 6, 6,∞)
x2y2(x2 + y2) (6, 6, 6,∞,∞)
x6 + x3y3 (6, 6, 6,∞)
x2y2(x+ y)2 (6, 6,∞,∞,∞)
x3y2(x+ y) (6, 6,∞,∞)
x6 + x4y2 (6, 6,∞)
x4y2 (6,∞,∞)
x3y3 (6,∞,∞)
x5y (6,∞)
x6 (∞)
5
x5 + y5 (5, 5, 5, 5)
x5 + x2y3 + y6 (5, 5, 5, 6)
x5 + x2y3 + xy5 (5, 5, 5, 7)
x5 + x2y3 (5, 5, 5,∞)
x(x2 − y2)2 + y6 (5, 5, 6, 6)
x(x2 − y2)2 + y5(x+ y) (5, 5, 6, 7)
x(x2 − y2)2 + y4(x+ y)2 (5, 5, 6,∞)
x(x2 − y2)2 + y4(x2 − y2) (5, 5, 7, 7)
x(x2 − y2)2 + y4(x− y)(x+ y)2 (5, 5, 7,∞)
x(x2 − y2)2 (5, 5,∞,∞)
x5 + x3y2 + y6 (5, 5, 6) mult : (1, 1, 2)
x5 + x3y2 + xy5 (5, 5, 6.5, 6.5)
x5 + x3y2 + x2y4 (5, 5, 8,∞)
x5 + x3y2 (5, 5,∞)
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Strata Containing Lojasiewicz Exponent(s) Conditions
5
x3y2 + (x+ y)6 (5, 6, 6) mult : (1, 2, 1)
x3y2 + y(x+ y)5 (5, 6, 7) mult : (1, 2, 1)
x3y2 + x(x+ y)5 (5, 6, 6.5, 6.5)
x3y2 + x2(x+ y)4 (5, 6, 8,∞)
x3y2 + y6 (5, 6,∞) mult : (1, 2, 1)
x3y2 + x6 (5, 6,∞) mult : (1, 1, 2)
x3y2 + xy(x+ y)4 (5, 6.5, 6.5, 7)
x3y2 + xy5 (5, 6.5, 6.5,∞)
x3y2 + x2y(x+ y)3 (5, 7, 8,∞)
x3y2 + x5y (5, 7,∞) mult : (1, 1, 2)
x3y2 + x2y4 (5, 8,∞,∞)
x3y2 (5,∞,∞)
x4y + y6 (5, 6) mult : (1, 3)
x4y + xy5 (5, 623 , 6
2
3 , 6
2
3)
x4y + x2y4 (5, 7, 7,∞)
x4y + x3y3 (5, 9,∞)
x4y (5,∞)
x5 + y6 (6)
x5 + xy5 (614 , 6
1
4 , 6
1
4 , 6
1
4)
x5 + x2y4 (623 , 6
2
3 , 6
2
3 ,∞)
x5 + x3y3 (7.5, 7.5,∞)
x5 + x4y2 (10,∞)
x5 (∞)
4
x4 + y4 (4, 4, 4)
x4 + x2y2 + y5 (4, 4, 5)
x4 + x2y2 + xy4 (4, 4, 6)
x4 + x2y2 + xy5 (4, 4, 8)
x4 + y2(x+ y2)2 + xy5 (4, 4, 7)
x4 + y2(x+ y2)2 (4, 4, 8)
x4 + y2(x+ y2)2 + x3y2 + x4y (4, 4, 9)
x4 + y2(x+ y2)2 + x3y2 (4, 4, 10)
x4 + y2(x+ y2)2 + x3y2 − 1/4x5 + x5y (4, 4, 11)
x4 + y2(x+ y2)2 + x3y2 − 1/4x5 (4, 4, 12)
x4 + y2(x+ y2)2 − x2y4 + 2x3y3+ (4, 4, 13)
+2x4y − x5 − 2x5y − x6
x4 + y2(x+ y2)2 − x2y4 − x5 (4, 4, 14)
x4 + y2(x+ y2)2 − x2y4 + 2x3y3+
2x4y − x4y2 − 2x5 − 2x5y − 2x6 (4, 4, 14)
x4 + x2y2 (4, 4,∞)
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Strata Containing Lojasiewicz Exponent(s) Conditions
4
x2y2 + (x+ y)5 (4, 5, 5)
x2y2 + x(x+ y)4 (4, 5, 6)
x2y2 + y5 + x5y (4, 5, 8)
x2y2 + x5 (4, 5,∞)
x2y2 + (x+ y)6 (4, 6, 6)
x2y2 + x(x+ y)5 (4, 6, 8)
x2y2 + x4y (4, 6,∞)
x2y2 + xy(x+ y)4 (4, 8, 8)
x2y2 + xy5 (4, 8,∞)
y2(x+ y2)2 + x5 + xy5 (4, 5, 7)
y2(x+ y2)2 + x5 + x2y4 (4, 5, 8)
y2(x+ y2)2 + x5 + x3y3 (4, 5, 9)
y2(x+ y2)2 + x5 (4, 5, 10)
y2(x+ y2)2 + x5 + x4y2 + x5y (4, 5, 11)
y2(x+ y2)2 + x5 + x4y2 + x6 (4, 5, 12)
y2(x+ y2)2 + x5 + 2x3y3 + x4y + x4y2 + x6 (4, 5, 13)
y2(x+ y2)2 + x5 + x4y2 (4, 5, 14)
y2(x+ y2)2 + x6 + xy5 (4, 6, 7)
y2(x+ y2)2 + x6 + x2y4 (4, 6, 8)
y2(x+ y2)2 + x6 + x3y3 (4, 6, 9)
y2(x+ y2)2 + x6 + x4y2 (4, 6, 10)
y2(x+ y2)2 + x6 + x5y (4, 6, 11)
y2(x+ y2)2 + x6 (4, 6, 12)
y2(x+ y2)2 + x5y + x2y3 (4, 8, 7)
y2(x+ y2)2 + x5y + x3y2 (4, 8, 8)
y2(x+ y2)2 + x5y + x3y3 (4, 8, 9)
y2(x+ y2)2 + x5y + x4y2 (4, 8, 10)
y2(x+ y2)2 + x5y (4, 8, 11)
y2(x+ y2)2 + 2x4y + x6 + xy5 + x5y (4, 7, 7)
y2(x+ y2)2 + 2x4y + x6 + x5y + x2y4 (4, 7, 8)
y2(x+ y2)2 + 2x4y + x6 + x5y (4, 7, 9)
y2(x+ y2)2 + 2x4y + x6 + 2x3y3 + x5y + x4y2 (4, 7, 10)
y2(x+ y2)2 + 2x4y + x6 + 2x3y3 + x5y (4, 7, 11)
y2(x+ y2)2 + 2x4y + x6 + x2y4 + x4y2 (4, 8, 8)
y2(x+ y2)2 + 2x4y + x6 + x4y2 (4, 8, 9)
y2(x+ y2)2 + 2x4y + x6 + 2x3y3 + x4y2 (4, 8, 10)
y2(x+ y2)2 + 2x4y + x6 (4, 9, 9)
x2y2 (4,∞,∞)
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Strata Containing Lojasiewicz Exponent(s) Conditions
4
x3y + y5 (4, 5)
x3y + xy4 (4, 5.5, 5.5)
x3y + y6 (4, 6)
xy(3x2 + 3xy2 + y4) (4, 7)
x3y + xy5 (4, 7, 7)
xy(x+ y2)2 + x3y2 (4, 7, 8)
xy(x+ y2)2 + x4y (4, 7, 9)
xy(x+ y2)2 + x5 (4, 7, 10)
xy(x+ y2)2 + x5y (4, 7, 11)
xy(x+ y2)2 + x6 (4, 7, 12)
xy(x+ y2)2 + x4y2 + x5 (4, 7, 13)
x3y + x2y3 (4, 7,∞)
x3y + x2y4 (4, 10,∞)
x3y (4,∞)
x4 + y5 (5)
x4 + xy4 (513 , 5
1
3 , 5
1
3)
x4 + y6 (6)
x4 + x2y3 + y6 (6, 6, 6)
x4 + x2y3 + xy5 (6, 6, 7)
(x2 + y3)2 + xy5 (6, 6.5, 6.5)
(x2 + y3)2 + x2y4 (6, 7, 7)
(x2 + y3)2 + x3y3 (6, 7.5, 7.5)
(x2 + y3)2 + x4y2 (6, 8, 8)
(x2 + y3)2 + x5y (6, 8.5, 8.5)
(x2 + y3)2 + x6 (6, 9, 9)
x4 + x2y3 (6, 6,∞)
(x2 + y3)2 (6,∞,∞)
x4 + xy5 (623 , 6
2
3 , 6
2
3)
x4 + x2y4 (8, 8,∞) val(γ1) = val(γ2)
x4 + x3y2 + x2y4 (8, 8,∞) val(γ1) 6= val(γ2)
x2(x+ y2)2 + x4y (8, 9,∞)
x2(x+ y2)2 + x5 (8, 10,∞)
x2(x+ y2)2 + x5y (8, 11,∞)
x2(x+ y2)2 + x6 (8, 12,∞)
x4 + x3y2 (8,∞) mult : (1, 2)
3x4 + 8x3y2 + 6x2y4 (8,∞) mult : (2, 1)
x2(x+ y2)2 (8,∞,∞)
x4 + x3y3 (12,∞)
x4 (∞)
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Strata Containing Lojasiewicz Exponent(s)
3
x3 (∞)
x3 + y3 (3, 3)
x2y (3,∞)
x2y + y4 (3, 4)
x2y + y5 (3, 5)
x2y + y6 (3, 6)
x2y + xy4 (3, 7)
y(x+ y2)2 + x4 (3, 8)
x2y + xy5 (3, 9)
y(x+ y2)2 + x4y (3, 9)
y(x+ y2)2 + x5 (3, 10)
y(x+ y2)2 + x5y (3, 11)
y(x+ y2)2 + x6 (3, 12)
y(x+ y2)2 + x3y3 + x4y (3, 13)
y(x+ y2)2 + 2x3y2 + 2x4 − x5y (3, 14)
y(x+ y2)2 + x4y2 + x5 (3, 15)
Higher order jets topologically equivalent to x2y + yk 15− 18
x3 + y4 (4)
x3 + xy3 (4.5, 4.5)
x3 + y5 (5)
x3 + y6 (6)
x3 + xy4 (6, 6)
x(x+ y2)2 + x3y (6, 7)
x(x+ y2)2 + x4 (6, 8)
x(x+ y2)2 + x4y (6, 9)
x(x+ y2)2 + x5 (6, 10)
x(x+ y2)2 + x5y (6, 11)
x(x+ y2)2 + x6 (6, 12)
x(x+ y2)2 + x3y3 + x4y + x4y2 + x5 − 14x6 (6, 13)
x(x+ y2)2 + x3y3 + x4y + x4y2 + x5 + 12x
4 − 14x6 (6, 14)
x(x+ y2)2 + x4y2 + x5 (6, 14)
x(x+ y2)2 + 2x3y3 + 2x4y − x6 (6, 15)
x3 + x2y2 (6,∞)
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Strata Containing Lojasiewicz Exponent(s)
3
(x+ y2)3 + xy5 (7)
x3 + xy5 (7.5, 7.5)
(x+ y2)3 + xy5 + x2y3 (7.5, 7.5)
(x+ y2)3 + x2y4 (8)
(x+ y2)3 + x3y3 (9)
(x+ y2)3 + x2y4 + x3y2 (9, 9)
(x+ y2)3 + xy(x+ y2)2 + x5 (9, 10)
(x+ y2)3 + xy(x+ y2)2 + x5y (9, 11)
(x+ y2)3 + xy(x+ y2)2 + x6 (9, 12)
(x+ y2)3 + xy(x+ y2)2 + x4y2 + x5 (9, 13)
(x+ y2)3 + xy(x+ y2)2 (9,∞)
x3 + x2y3 (9,∞)
(x+ y2)3 + x4y2 (10)
(x+ y2)3 + x3y3 + x4y (10.5, 10.5)
(x+ y2)3 + x5y (11)
(x+ y2)3 + x6 (12)
(x+ y2)3 + x5 + x4y2 (12, 12)
(x+ y2)3 − 3x5 − 3x4y2 + 2x6 (12,∞)
x3 + x2y4 (12,∞)
2
x2 ∞
x2 + y2 2
x2 + y3 3
x2 + y4 4
x2 + y5 5
x2 + y6 6
(x+ y2)2 + xy5 7
x2 + xy4 8
(x+ y2)2 + x4y 9
x2 + xy5 10
(x+ y2)2 + x5 10
(x+ y2)2 + x5y 11
(x+ y2)2 + x6 12
(x+ y2)2 + 2x2y3 + 2x3y − x5 13
An unknown number of higher order quadratics 14− 19
The classification of the germs with linear first term, those with quintic first term
and the homogeneous sextics follows from lemmas 3.2, 3.10 and 3.11. The stratum
f(x, y) = 0 is also trivial, leaving us with the classification of strata with quadratic,
cubic and quartic first terms.
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6.1 Quadratic
Although the precise Morse classification of the quadratics in J6 is not part of this work,
we have included the classification up to Lojasiewicz exponent 13.
The strata x2 + yw, 2 ≤ w ≤ 6 follow from lemma 3.7, and proposition 3.8. Now
consider f(x, y) = x2 +
∑
i,j|i+j≥3 ai,jx
iyj , where the Lojasiewicz exponent of f is at
least 7. In this case, f can take one of three forms:
f1(x, y)
M∼ x2 + xy5
f2(x, y)
M∼ (x+ y2)2 + . . .
f3(x, y)
M∼ (x+ y3)2 + . . .
Note that from lemma 3.9 the jets of the stratum represented by f1 is not Morse
equivalent to any jet of the form f2. Also, by lemma 3.9 x
2 +xy4 is Morse equivalent to
(x+ y2)2 + x4. By similar reasoning to the proof of that lemma, x2 + xy5 is not Morse
equivalent to (x+ y3)2 + x3y.
Proposition 6.2. If f(x, y) can be transformed into the form f2 using linear coordinate
changes and f has Lojasiewicz exponent less than 14, then f is Morse equivalent to one
of the following strata:
Strata Containing Lojasiewicz Exponent(s)
x2 ∞
(x+ y2)2 + xy5 7
(x+ y2)2 + x4 8
(x+ y2)2 + x4y 9
(x+ y2)2 + x5 10
(x+ y2)2 + x5y 11
(x+ y2)2 + x6 12
(x+ y2)2 + 2x2y3 + 2x3y − x5 13
To prove this, first we apply coordinate changes to get
f(x, y) = (x+ y2)2 +
∑
ai,jx
iyj .
Now we shall use a number of lemmas. To simplify the algebra we have a number of
polynomials:
P1 =
1
2
a1,3 − a2,1
P2 = 3a3,0 − 2a2,2 + a1,4 − 2P1a2,1
P3 = −P 21 a2,1 + P1(−P2 + 6a3,0 − 2a2,2)− P2a2,1 + 2a3,1 − a2,3
P4 = 2P
3
1 a2,1 + P
2
1 (2P2 − 3a3,0 + 2a2,2) + 2P1a3,1 −
1
2
P 22 + P2(3a3,0 − a2,2)− P3a2,1 − 2a4,0 + a3,2
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Lemma 6.3. If
a0,5 = a1,3 − a2,1
a0,6 = P
2
1 + a3,0 − a2,2 + a1,4
a1,5 6= −P 21 a2,1 − P1P2 − a3,1 + a2,3
then f is Morse equivalent to (x+ y2)2 + xy5.
Lemma 6.4. If
a0,5 = a1,3 − a2,1
a0,6 = P
2
1 + a3,0 − a2,2 + a1,4
a1,5 = −P 21 a2,1 − P1P2 − a3,1 + a2,3
a2,4 6= 1
4
P 22 − P 31 a2,1 + P 21 (3a3,0 − P2) + P1(2a3,1 − a2,3) + a3,2 − a4,0
then f is Morse equivalent to (x+ y2)2 + x4.
Lemma 6.5. If all the equalities from the previous lemma hold and in addition
a2,4 =
1
4
P 22 − P 31 a2,1 + P 21 (3a3,0 − P2) + P1(2a3,1 − a2,3) + a3,2 − a4,0
a3,3 6= a4,1 − 2P 41 a2,1 + P 31 (5a3,0 − 2P2 − 2a2,2 +
1
2
P2a2,1 + a3,1 − a2,3)+
P1(P
2
2 − 3P2a3,0 + P2a2,2 + 2a4,0 − a3,2) +
1
4
P 22 a2,1 + P2(
1
2
a2,3 − a3,1)
then f is Morse equivalent to (x+ y2)2 + x4y.
Lemma 6.6. If all the equalities from the previous lemma hold and in addition
a3,3 = a4,1 − 2P 41 a2,1 + P 31 (5a3,0 − 2P2 − 2a2,2 +
1
2
P2a2,1 + a3,1 − a2,3)+
P1(P
2
2 − 3P2a3,0 + P2a2,2 + 2a4,0 − a3,2) +
1
4
P 22 a2,1 + P2(
1
2
a2,3 − a3,1)
a4,2 6= −P 51 a2,1 − P 41P2 − 3P 41 a3,0 + P 41 a2,2 + 2P 31P2a2,1 + 2P 31P3 +
3
4
P 21P
2
2 +
3P 21P2a3,0 − P 21P2a2,2 − P 21P3a2,1 − P 21P4 − P 21 a4,0 −
3
4
P1P
2
2 a2,1 − P1a4,1−
3
2
P1P2P3 − 3
4
P 22 a3,0 +
1
4
P 22 a2,2 +
1
2
P2P3a2,1 +
1
2
P2P4 +
1
4
P 23 + a5,0
then f is Morse equivalent to (x+ y2)2 + x5.
53
Lemma 6.7. If all the equalities from the previous lemma hold and in addition
a4,2 = −P 51 a2,1 − P 41P2 − 3P 41 a3,0 + P 41 a2,2 + 2P 31P2a2,1 + 2P 31P3 +
3
4
P 21P
2
2 +
3P 21P2a3,0 − P 21P2a2,2 − P 21P3a2,1 − P 21P4 − P 21 a4,0 −
3
4
P1P
2
2 a2,1 − P1a4,1−
3
2
P1P2P3 − 3
4
P 22 a3,0 +
1
4
P 22 a2,2 +
1
2
P2P3a2,1 +
1
2
P2P4 +
1
4
P 23 + a5,0
a5,1 6= −5P 61 a2,1 − 5P 51P2 − 3P 51 a3,0 +
15
2
P 41P2a2,1 + 5P
4
1P3 − P 41 a3,1 + 5P 31P 22 +
3P 31P2a3,0 − 2P 31P3a2,1 − 2P 31P4 − 2P 31 a4,0 − 3P 21P 22 a2,1 − 5P 21P2P3 + P 21P2a3,1−
P 21 a4,1 − P1P 32 −
3
4
P1P
2
2 a3,0 +
3
2
P1P2P3a2,1 +
3
2
P1P2P4 + P1P2a4,0 + P1P
2
3−
P1a5,0 +
1
8
P 32 a2,1 +
1
2
P 22P3 −
1
4
P 22 a3,1 +
1
2
P2a4,1 − 1
4
P 23 a2,1 −
1
2
P3P4
then f is Morse equivalent to (x+ y2)2 + x5y.
Lemma 6.8. If all the equalities from the previous lemma hold and in addition
a5,1 = −5P 61 a2,1 − 5P 51P2 − 3P 51 a3,0 +
15
2
P 41P2a2,1 + 5P
4
1P3 − P 41 a3,1 + 5P 31P 22 +
3P 31P2a3,0 − 2P 31P3a2,1 − 2P 31P4 − 2P 31 a4,0 − 3P 21P 22 a2,1 − 5P 21P2P3 + P 21P2a3,1−
P 21 a4,1 − P1P 32 −
3
4
P1P
2
2 a3,0 +
3
2
P1P2P3a2,1 +
3
2
P1P2P4 + P1P2a4,0 + P1P
2
3−
P1a5,0 +
1
8
P 32 a2,1 +
1
2
P 22P3 −
1
4
P 22 a3,1 +
1
2
P2a4,1 − 1
4
P 23 a2,1 −
1
2
P3P4
a6,0 6= −18P 71 a2,1 − 18P 61P2 − P 61 a3,0 − 4P 61 a2,2 +
57
2
P 51P2a2,1 + 14P
5
1P3 − 4P 51 a3,1+
45
2
P 41P
2
2 −
3
2
P 41P2a3,0 + 6P
4
1P2a2,2 −
15
2
P 41P3a2,1 − 5P 41P4 − 5P 41 a4,0−
5
1
4
P 31P
2
2 a2,1 − 20P 31P2P3 + 5P 31P2a3,1 + 3P 31P3a3,0 − 2P 31P3a2,2 − 2P 31 a4,1−
27
4
P 21P
3
2 +
3
2
P 21P
2
2 a3,0 −
9
4
P 21P
2
2 a2,2 + 6P
2
1P2P3a2,1 + 5P
2
1P2P4 + 4P
2
1P2a4,0+
4P 21P
2
3 − P 21P3a3,1 − P 21 a5,0 +
9
8
P1P
3
2 a2,1 + 5P1P
2
2P3 −
1
4
P 23 a2,2 −
1
2
P3a4,1−
3
2
P1P
2
2 a3,1 − 3P1P2P3a3,0 +
3
2
P1P2P3a2,2 +
3
2
P1P2a4,1 − 3
4
P1P
2
3 a2,1−
2P1P3P4 − P1P3a4,0 + 3
16
P 42 +
1
8
P 32 a3,0 −
3
8
P 22P3a2,1 −
1
2
P 22P4−
1
4
P 22 a4,0 −
3
4
P2P
2
3 +
1
2
P2P3a3,1 +
1
2
P2a5,0 +
3
4
P 23 a3,0 +
1
4
P 24
then f is Morse equivalent to (x+ y2)2 + x6.
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Lemma 6.9. If all the equalities from the previous lemma hold and in addition
a6,0 = −18P 71 a2,1 − 18P 61P2 − P 61 a3,0 − 4P 61 a2,2 +
57
2
P 51P2a2,1 + 14P
5
1P3 − 4P 51 a3,1+
45
2
P 41P
2
2 −
3
2
P 41P2a3,0 + 6P
4
1P2a2,2 −
15
2
P 41P3a2,1 − 5P 41P4 − 5P 41 a4,0−
5
1
4
P 31P
2
2 a2,1 − 20P 31P2P3 + 5P 31P2a3,1 + 3P 31P3a3,0 − 2P 31P3a2,2 − 2P 31 a4,1−
27
4
P 21P
3
2 +
3
2
P 21P
2
2 a3,0 −
9
4
P 21P
2
2 a2,2 + 6P
2
1P2P3a2,1 + 5P
2
1P2P4 + 4P
2
1P2a4,0+
4P 21P
2
3 − P 21P3a3,1 − P 21 a5,0 +
9
8
P1P
3
2 a2,1 + 5P1P
2
2P3 −
1
4
P 23 a2,2 −
1
2
P3a4,1−
3
2
P1P
2
2 a3,1 − 3P1P2P3a3,0 +
3
2
P1P2P3a2,2 +
3
2
P1P2a4,1 − 3
4
P1P
2
3 a2,1−
2P1P3P4 − P1P3a4,0 + 3
16
P 42 +
1
8
P 32 a3,0 −
3
8
P 22P3a2,1 −
1
2
P 22P4−
1
4
P 22 a4,0 −
3
4
P2P
2
3 +
1
2
P2P3a3,1 +
1
2
P2a5,0 +
3
4
P 23 a3,0 +
1
4
P 24
0 6= 31
128
P 81 a2,1 −
31
64
P 71P2 +
3
32
P 71 a3,0 −
5
32
P 71 a2,2 +
109
64
P 61P2a2,1 +
21
32
P 61P3−
7
32
P 61 a3,1 +
93
32
P 51P
2
2 −
63
64
P 51P2a3,0 +
35
32
P 51P2a2,2 −
31
32
P 51P3a2,1 −
7
16
P 51P4−
7
16
P 51 a4,0 −
57
16
P 41P
2
2 a2,1 − 5P 41P2P3 +
21
16
P 41P2a3,1 +
39
32
P 41P3a3,0−
13
16
P 41P3a2,2 +
5
32
P 41P4a2,1 −
5
16
P 41 a4,1 −
151
32
P 31P
3
2 +
81
32
P 31P
2
2 a3,0−
17
8
P 31P
2
2 a2,2 +
53
16
P 31P2P3a2,1 +
5
2
P 31P2P4 +
15
8
P 31P2a4,0 + 2P
3
1P
2
3−
3
4
P 31P3a3,1 −
3
8
P 31P4a3,0 +
1
4
P 31P4a2,2 −
1
4
P 31 a5,0 +
65
32
P 21P
3
2 a2,1+
125
16
P 21P
2
2P3 −
33
16
P 21P
2
2 a3,1 − 2
1
4
P 21P2P3a3,0 + 1
1
4
P 21P2P3a2,2−
1
4
P 21P2P4a2,1 +
5
4
P 21P2a4,1 −
11
16
P 21P
2
3 a2,1 − 2P 21P3P4 −
5
4
P 21P3a4,0+
1
4
P 21P4a3,1 +
13
8
P1P
4
2 −
15
16
P1P
3
2 a3,0 +
3
4
P1P
3
2 a2,2 −
13
8
P1P
2
2P3a2,1−
5
2
P1P
2
2P4 −
5
4
P1P
2
2 a4,0 −
27
8
P1P2P
2
3 +
7
4
P1P2P3a3,1 +
3
2
P1P2P4a3,0−
3
4
P1P2P4a2,2 +
3
4
P1P2a5,0 +
21
8
P1P
2
3 a3,0 − P1P 23 a2,2 −
1
4
P1P3P4a2,1−
P1P3a4,1 +
1
2
P1P
2
4 +
1
2
P1P4a4,0 − 1
8
P 42 a2,1 −
5
4
P 32P3 +
1
2
P 32 a3,1+
9
8
P 22P3a3,0 −
1
2
P 22P3a2,2 −
1
8
P 22P4a2,1 −
1
2
P 22 a4,1 +
3
8
P2P
2
3 a2,1+
3
2
P2P3P4 +
1
2
P2P3a4,0 − 1
2
P2P4a3,1 +
1
4
P 33 −
1
4
P 23 a3,1−
3
2
P3P4a3,0 +
1
2
P3P4a2,2 − 1
2
P3a5,0 +
1
4
P 24 a2,1 +
1
2
P4a4,1
then f is Morse equivalent to (x+ y2)2 + 2x2y3 + 2x3y − x5.
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Remark: As can be seen in the above lemma, the polynomials involved swiftly
become unmanageable, especially when attempting to find deformations. The existence
of deformations for the above cases is trivial, as the equalities are linear in at least
one variable. However, for the cases with Lojasiewicz exponent higher than 13 these
equations are no longer linear in any variable which makes finding deformations more
difficult. A list of the classification of quadratic strata under topological triviality is
given on page 60.
Proposition 6.10. If f(x, y) can be transformed into the form f3 using linear coordinate
changes, then f is Morse equivalent to one of the following strata:
Strata Containing Lojasiewicz Exponent(s)
x2 ∞
(x+ y3)2 + xy4 7
(x+ y3)2 + xy5 8
(x+ y3)2 + x2y3 9
(x+ y3)2 + x2y4 10
(x+ y3)2 + x3y2 11
(x+ y3)2 + x3y3 12
(x+ y3)2 + x4y 13
(x+ y3)2 + x4y2 14
(x+ y3)2 + x5 15
(x+ y3)2 + x5y 16
(x+ y3)2 + x6 18
To prove this, first we apply coordinate changes to get
f(x, y) = (x+ y3)2 +
∑
ai,jx
iyj .
Now we shall use a number of lemmas
Lemma 6.11. If a2,1 6= a1,4 then f is Morse equivalent to (x+ y3)2 + xy4.
Lemma 6.12. If a2,1 = a1,4 and a1,5 6= a2,2 − 14a21,4 then f is Morse equivalent to
(x+ y3)2 + xy5.
Lemma 6.13. If
a2,1 = a1,4
a1,5 = a2,2 − 1
4
a21,4
a3,0 6= a2,3 − 1
2
a2,2a1,4 +
1
8
a31,4
then f is Morse equivalent to (x+ y3)2 + x2y3.
In order to simplify the algebra let P1 = a2,2 − 14a21,4.
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Lemma 6.14. If
a2,1 = a1,4
a1,5 = a2,2 − 1
4
a21,4
a3,0 = a2,3 − 1
2
a2,2a1,4 +
1
8
a31,4
a3,1 6= a2,4 + 1
2
a2,3a1,4 − 1
4
P1a
2
1,4 −
1
4
P 21
then f is Morse equivalent to (x+ y3)2 + x2y4.
Lemma 6.15. If all of the equalities from the previous lemma hold and in addition
a3,1 = a2,4 +
1
2
a2,3a1,4 − 1
4
P1a
2
1,4 −
1
4
P 21
a3,2 6= 1
2
a1,4a2,4 +
1
2
P1a2,3 − 3
8
P 21 a1,4
then f is Morse equivalent to (x+ y3)2 + x3y2.
Lemma 6.16. If all of the equalities from the previous lemma hold and in addition
a3,2 =
1
2
a1,4a2,4 +
1
2
P1a2,3 − 3
8
P 21 a1,4
a3,3 6= a4,0 − 1
4
a2,3 +
1
2
P1a2,4 +
1
4
P1a2,3a1,4 − 1
16
P 21 a
2
1,4 −
1
8
P 31
then f is Morse equivalent to (x+ y3)2 + x3y3.
Lemma 6.17. If all of the equalities from the previous lemma hold and in addition
a3,3 = a4,0 − 1
4
a2,3 +
1
2
P1a2,4 +
1
4
P1a2,3a1,4 − 1
16
P 21 a
2
1,4 −
1
8
P 31
a4,1 6= 1
2
a1,4a3,3 +
1
2
a2,3a2,3 − 1
2
P1a1,4a2,4 − 1
8
P 21 a2,3 +
1
8
P 31 a1,4
then f is Morse equivalent to (x+ y3)2 + x4y.
Lemma 6.18. If all of the equalities from the previous lemma hold and in addition
a4,1 =
1
2
a1,4a3,3 +
1
2
a2,3a2,3 − 1
2
P1a1,4a2,4 − 1
8
P 21 a2,3 +
1
8
P 31 a1,4
a4,2 6= 1
4
(a2,4 − 1
4
P 21 )
2 +
1
2
P1a4,0 − 1
8
P1(a2,3 − 1
2
P1a1,4)
2
then f is Morse equivalent to (x+ y3)2 + x4y2.
Lemma 6.19. If all of the equalities from the previous lemma hold and in addition
a4,2 =
1
4
(a2,4 − 1
4
P 21 )
2 +
1
2
P1a4,0 − 1
8
P1(a2,3 − 1
2
P1a1,4)
2
a5,0 6= 1
2
a4,0(a2,3 − 1
2
P1a1,4)− 1
8
(a2,3 − 1
2
P1a1,4)
3
then f is Morse equivalent to (x+ y3)2 + x5.
57
Lemma 6.20. If all of the equalities from the previous lemma hold and in addition
a5,0 =
1
2
a4,0(a2,3 − 1
2
P1a1,4)− 1
8
(a2,3 − 1
2
P1a1,4)
3
a5,1 6=
(
a2,4 − 1
4
P 21
)(1
2
a4,0 − 1
8
a22,3 +
1
8
P1a1,4a2,3 − 1
32
P 21 a
2
1,4
)
then f is Morse equivalent to (x+ y3)2 + x5y.
Lemma 6.21. If all of the equalities from the previous lemma hold and in addition
a5,1 =
(
a2,4 − 1
4
P 21
)(1
2
a4,0 − 1
8
a22,3 +
1
8
P1a1,4a2,3 − 1
32
P 21 a
2
1,4
)
a6,0 6=
(1
2
a4,0 +
1
8
P1a1,4a2,3 − 1
8
a22,3 −
1
32
P 21 a
2
1,4
)2
then f is Morse equivalent to (x+ y3)2 + x6.
Lemma 6.22. If all of the equalities from the previous lemma hold and in addition
a6,0 =
(1
2
a4,0 +
1
8
P1a1,4a2,3 − 1
8
a22,3 −
1
32
P 21 a
2
1,4
)2
then f is Morse equivalent to x2.
Proof. In this case we can factorise f to get
f(x, y) =
(
x+ y3 +
1
2
a1,4xy +
1
2
P1xy
2 + (
1
2
a2,3 − 1
4
P1a1,4)x
2 + (
1
2
a2,4 − 1
8
P 21 )x
2y+(1
2
a4,0 − 1
8
(a2,3 − 1
2
P1a1,4)
2
)
x3
)2
.
Clearly the deformation
F (x, y, t) = (x+ y3 + t×H.O.T.)2
is Morse stable.
Proposition 6.23. The strata in the following table are Morse equivalent to the strata
of the form (x+ y2)2 +H.O.T. with the same Lojasiewicz exponent.
Strata Containing Lojasiewicz Exponent(s)
f(x, y) = (x+ y3)2 + xy4 7
f(x, y) = (x+ y3)2 + xy5 8
f(x, y) = (x+ y3)2 + x2y3 9
f(x, y) = (x+ y3)2 + x2y4 10
f(x, y) = (x+ y3)2 + x3y2 11
f(x, y) = (x+ y3)2 + x3y3 12
f(x, y) = (x+ y3)2 + x4y 13
Remark: It is yet to be determined if this holds for strata (x + y3)2 + . . . with
Lojasiewicz exponent higher than 13.
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Proof. We shall simply give a deformation to the form (x+ ty2)2 +H.O.T. . The propo-
sition then follows from proposition 6.2.
F1(x, y, t) = (x+ ty
2 + y3)2 + xy4 + ty6
F2(x, y, t) = (x+ ty
2 + y3)2 + x2y2 + 2txy4 + t2y6
F3(x, y, t) = (x+ ty
2 + y3)2 + x3 + 3tx2y2 + 3t2xy4 + t3y6
F4(x, y, t) = (x+ ty
2 + y3)2 − (t4 + 5
4
t8 +
1
4
t12)y6 − (4t3 + 4t7 + 3
4
t11)xy4−
(6t2 +
17
4
t6 +
3
4
t10)x2y2 − (3t+ 3
2
t5 +
1
4
t9)x3 + x3y
F5(x, y, t) = (x+ ty
2 + y3)2 + (t5 + 2t10 +
4
3
t15 +
1
3
t20)y6 + (5t4 + 7t9 + 4t14 + t19)xy4+
(7t3 + 8t8 + 4t13 + t18)x2y2 + (3t+ t6)x2y4 + (3t2 + 3t7 +
4
3
t12 +
1
3
t17)x3+
x3y2 − (t4 − 4
3
t9 − 1
3
t14)x3y3
F6(x, y, t) = (x+ ty
2 + y3)2 + (
9
4
t12 − t6)y6 + (27
4
t11 − 6t5)xy4 + (27
4
t10 − 9t4)x2y2−
6t2x2y4 + (
9
4
t9 − 4t3)x3 − 3tx3y2 + x3y3 + 9
4
t5x4y + (
81
4
t8 − 27
2
t2)x5y
F7(x, y, t) = (x+ ty
2 + y3)2 − t7y6 − 7t6xy4 − 11t5x2y2 − 10t3x2y4 − 5t4x3 − 6t2x3y2+
4tx3y3 + x4y + (
217
4
t6 − 64t13)x4y2 + (153
4
t5 − 64t12)x5 + (64t11 − 105
4
t4)x5y
Remark:
The topological classification of the J6 quadratics (which by proposition 3.8 is the
same as the Morse classification of the J6 quadratics in J19) is given in the following
table:
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Strata Containing Lojasiewicz Exponent(s)
x2 ∞
x2 + y2 2
x2 + y3 3
x2 + y4 4
x2 + y5 5
x2 + y6 6
(x+ y2)2 + xy5 7
(x+ y2)2 + x4 8
(x+ y2)2 + x4y 9
(x+ y2)2 + x5 10
(x+ y2)2 + x5y 11
(x+ y2)2 + x6 12
(x+ y3)2 + x4y 13
(x+ y3)2 + x4y2 14
(x+ y3)2 + x5 15
(x+ y3)2 + x5y 16
(x+ y2)2 − y6 + 3x2y2 + 3x3y2 + x2y3+ 17
+2x2y4 + 2x3 + x3y + 2x3y3 + x4+
+2x4y − 3/4x4y2 − x5 − 1/2x5y
(x+ y3)2 + x6 18
(x+ y2)2 + xy(x+ y2)(2x+ 3y2)− 3/4x4y2 − x5 19
6.2 Cubic
From lemma 3.7 the strata where all polars have Lojasiewicz exponent less than 6 in
the projection pi5 : J
6 → J5 will be preserved by this projection. Thus we only need to
consider the strata which project to the following:
x3, x3 + x2y3, x3 + ax2y2 + bxy4 +H.O.T. , and x2y + . . .
M∼ x2y + yl where l ≥ 6.
The first three cases can be treated together. Assume
f(x, y) = x3 + a2,2x
2y2 + a1,4xy
4 + a2,3x
2y3 + a3,2x
3y2 + a4,1x
4y + a5,0x
5 +H6(x, y) .
The potential Newton polygons for this are shown in figure 6.1.
Lemma 6.24. If at least one of a1,4 and a0,6 is non-zero, a
2
2,2 = 3a1,4 and 27a0,6 6= a32,2
then f is Morse equivalent to x3 + y6
Proof. In this case we can write
f(x, y) = (x+
1
3
a2,2y
2)3 + (a0,6 − 1
27
a32,2)y
6 +R(x, y) ,
where all terms of R(x, y) are above the Newton polygon of f . Hence the deformation
F (x, y, t) = (x+
1
3
ta2,2y
2)3 +
(
a0,6 − 1
27
(1− t3)a32,2
)
y6 +R(x, y)
is Morse stable.
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xy
Figure 6.1: Diagram showing the possible leading edges for f(x, y) = x3 + a2,3x
2y3 +
a3,2x
3y2 + a4,1x
4y + a5,0x
5 +H6(x, y) .
Lemma 6.25. Let E1(x, y) be the leading edge of f . If at least one of a1,4 and a0,6 is
non-zero, a22,2 6= 3a1,4 and the cubic discriminant of the polynomial E1(x, 1) is non-zero,
i.e.
4(E1(x, 1)) = 18a2,2a1,4a0,6 − 4a32,2a0,6 + a22,2a21,4 − 4a31,4 − 27a20,6 6= 0
then f is Morse equivalent to x3 + xy4.
Proof. In this case there are two polars, neither of which is a double root of f . First
using the deformation
F (x, y, t) = x3 + a2,2x
2y2 + a1,4xy
4 + a0,6y
6 + tR(x, y) ,
f is Morse equivalent to E1(x, y). As we are now in the weighted homogeneous case we
can use the deformation
F2(x, y, t) = E1(x− ty2, y) .
At t = 13a2,2, the coefficient of x
2y2 in F2 is zero. So by abuse of notation we may
assume a2,2 is zero, a1,4 6= 0 and 27a20,6 6= −4a31,4. In particular, the deformation
F3(x, y, t) = x
3 + a1,4xy
4 + ta0,6y
6
is Morse stable whenever t 6=
√
−4a31,4
a0,6
. Hence f is Morse equivalent to x3 + xy4.
With E1(x, y) as above, if at least one of a1,4 and a0,6 is non-zero, a
2
2,2 6= 3a1,4 but
the cubic discriminant of the polynomial E1(x, 1) is zero, i.e.
4(E1(x, 1)) = 18a2,2a1,4a0,6 − 4a32,2a0,6 + a22,2a21,4 − 4a31,4 − 27a0,6 = 0
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then the leading edge E1 may be factorised E1 = (x− r1y2)2(x− r2). We may assume
r1 = −1 and r2 = 0.
So for the following lemmas let f(x, y) = x(x + y2)2 +
∑
i,j ai,jx
iyj , with the sum
over all i, j with i+ j ≤ 6 and (i, j) above the Newton polygon of f .
Lemma 6.26. If a1,5 6= a2,3 − a3,1, then f is Morse equivalent to x(x+ y2)2 + x3y.
Lemma 6.27. If a1,5 = a2,3−a3,1 and a4,0 6= a3,2−a2,4−(a3,1− 12a2,3)2 then f is Morse
equivalent to x(x+ y2)2 + x4.
Now in order to simplify the expressions, let r1 = a3,1 − 12a2,3.
Lemma 6.28. If the following hold:
a1,5 = a2,3 − a3,1
a4,0 = a3,2 − a2,4 − r21
a4,1 6= −2r31 −
1
2
a2,3r
2
1 + r1(a2,3r1 − 2a2,4 + a3,2) + a3,3
then f is Morse equivalent to x(x+ y2)2 + x4y.
Lemma 6.29. If the following hold:
a1,5 = a2,3 − a3,1
a4,0 = a3,2 − a2,4 − r21
a4,1 = −2r31 −
1
2
a2,3r
2
1 + r1(a2,3r1 − 2a2,4 + a3,2) + a3,3
a4,2 6= −13
4
r41 + 2(a2,3r1 − 2a2,4 + a3,2)r21 −
1
2
a3,2r
2
1 −
1
4
(a2,3r1 − 2a2,4 + a3,2)2 + a3,3r1 + a5,0
then f is Morse equivalent to x(x+ y2)2 + x5.
Lemma 6.30. If the following hold:
a1,5 = a2,3 − a3,1
a4,0 = a3,2 − a2,4 − r21
a4,1 = −2r31 −
1
2
a2,3r
2
1 + r1(a2,3r1 − 2a2,4 + a3,2) + a3,3
a4,2 = −13
4
r41 + 2(a2,3r1 − 2a2,4 + a3,2)r21 −
1
2
a3,2r
2
1 −
1
4
(a2,3r1 − 2a2,4 + a3,2)2 + a3,3r1 + a5,0
a5,1 6= 9
2
r51 −
39
8
r41a2,3 − r21(−
1
4
a32,3 +
3
2
a22,3a3,1 − 2a2,3a23,1 + a2,3a2,4 − a3,1a3,2 + a3,3) + r1a5,0−
1
2
(a2,3r1 − 2a2,4 + a3,2)(1
4
r1(9a
2
2,3 − 26a2,3a3,1 + 24a23,1) + a2,3a2,4 + a3,1a3,2 − a3,3)+
+
1
4
(a2,3r1 − 2a2,4 + a3,2)2(2a3,1 − 1
2
a2,3)
then f is Morse equivalent to x(x+ y2)2 + x5y.
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Lemma 6.31. If the following hold:
a1,5 = a2,3 − a3,1
a4,0 = a3,2 − a2,4 − r21
a4,1 = −2r31 −
1
2
a2,3r
2
1 + r1(a2,3r1 − 2a2,4 + a3,2) + a3,3
a4,2 = −13
4
r41 + 2(a2,3r1 − 2a2,4 + a3,2)r21 −
1
2
a3,2r
2
1 −
1
4
(a2,3r1 − 2a2,4 + a3,2)2 + a3,3r1 + a5,0
a5,1 =
9
2
r51 −
39
8
r41a2,3 − r21(−
1
4
a32,3 +
3
2
a22,3a3,1 − 2a2,3a23,1 + a2,3a2,4 − a3,1a3,2 + a3,3) + r1a5,0−
1
2
(a2,3r1 − 2a2,4 + a3,2)(1
4
r1(9a
2
2,3 − 26a2,3a3,1 + 24a23,1) + a2,3a2,4 + a3,1a3,2 − a3,3)+
1
4
(a2,3r1 − 2a2,4 + a3,2)2(2a3,1 − 1
2
a2,3)
a6,0 6= −81
8
r61 +
111
8
r51a2,3 −
51
8
r41a
2
2,3 +
21
8
r41a3,2 −
27
2
r41a2,4 +
9
8
r31a
3
2,3 −
15
4
r31a2,3a3,2+
13r31a2,3a2,4 + 3r
3
1a3,3 −
1
16
r21a
4
2,3 +
11
8
r21a
2
2,3a3,2 −
7
2
r21a
2
2,3a2,4 − 2r21a2,3a3,3+
3
8
r21a
2
3,2 + r
2
1a3,2a2,4 −
3
2
r21a5,0 −
9
2
r21a
2
2,4 −
1
8
r1a
3
2,3a3,2 +
1
4
r1a
3
2,3a2,4 +
1
4
r1a
2
2,3a3,3+
1
8
r1a2,3a
2
3,2 −
3
2
r1a2,3a3,2a2,4 +
1
2
r1a2,3a5,0 +
5
2
r1a2,3a
2
2,4 −
1
2
r1a3,2a3,3 + 2r1a3,3a2,4−
1
16
a22,3a
2
3,2 +
1
4
a22,3a3,2a2,4 −
1
4
a22,3a
2
2,4 +
1
4
a2,3a3,2a3,3 − 1
2
a2,3a3,3a2,4 − 1
8
a33,2+
1
2
a23,2a2,4 +
1
2
a3,2a5,0 − 1
2
a3,2a2,4 − a5,0a2,4 − 1
4
a23,3
then f is Morse equivalent to x(x+ y2)2 + x6.
We shall only sketch the proof for these lemmas. In each case, when we find the polar
of f with Lojasiewicz exponent greater than six, the inequality will be the coefficient of
the lowest order term. As each inequality is of the form ai,j 6= P where P is a polynomial
in the other coefficients, a deformation F (x, y, t) = ft(x, y) can be constructed by sending
the other coefficients to zero while maintaining the equalities as in the proofs of other
lemmas, and making ai,j(t) the polynomial which fixes the valuation of ft at the polars
of ft. The proof of the following four lemmas can be done in a similar manner.
We shall now define two more polynomials to help simplify the expressions in the
next lemmas:
r2 = 6r
3
1 − 4r21a2,3 − r1(a3,2 −
1
2
a22,3 − 4a2,4) +
1
2
a2,3a3,2 − a2,3a2,4
r3 = −39
4
r41 + 9r
3
1a2,3 + r
2
1(
3
2
a3,2 − 9
4
a22,3 − 8a2,4) + r1(
1
8
a32,3 −
5
4
a2,3a3,2 + 4a2,3a2,4 + a3,3)+
+
1
8
a22,3a3,2 −
1
4
a22,3a2,4 −
1
4
a2,3a3,3 +
1
4
a23,2 − a22,4
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Lemma 6.32. if the following hold:
a1,5 = a2,3 − a3,1
a4,0 = a3,2 − a2,4 − r21
a4,1 = −2r31 −
1
2
a2,3r
2
1 + r1(a2,3r1 − 2a2,4 + a3,2) + a3,3
a4,2 = −13
4
r41 + 2(a2,3r1 − 2a2,4 + a3,2)r21 −
1
2
a3,2r
2
1 −
1
4
(a2,3r1 − 2a2,4 + a3,2)2 + a3,3r1 + a5,0
a5,1 =
9
2
r51 −
39
8
r41a2,3 − r21(−
1
4
a32,3 +
3
2
a22,3a3,1 − 2a2,3a23,1 − a2,3a2,4 − a3,1a3,2 + a3,3) + r1a5,0−
1
2
(a2,3r1 − 2a2,4 + a3,2)(1
4
r1(9a
2
2,3 − 26a2,3a3,1 + 24a23,1) + a2,3a2,4 + a3,1a3,2 − a3,3)+
+
1
4
(a2,3r1 − 2a2,4 + a3,2)2(2a3,1 − 1
2
a2,3)
a6,0 = −81
8
r61 +
111
8
r51a2,3 −
51
8
r41a
2
2,3 +
21
8
r41a3,2 −
27
2
r41a2,4 +
9
8
r31a
3
2,3 −
15
4
r31a2,3a3,2+
13r31a2,3a2,4 + 3r
3
1a3,3 −
1
16
r21a
4
2,3 +
11
8
r21a
2
2,3a3,2 −
7
2
r21a
2
2,3a2,4 − 2r21a2,3a3,3+
3
8
r21a
2
3,2 + r
2
1a3,2a2,4 −
3
2
r21a5,0 −
9
2
r21a
2
2,4 −
1
8
r1a
3
2,3a3,2 +
1
4
r1a
3
2,3a2,4 +
1
4
r1a
2
2,3a3,3+
1
8
r1a2,3a
2
3,2 −
3
2
r1a2,3a3,2a2,4 +
1
2
r1a2,3a5,0 +
5
2
r1a2,3a
2
2,4 −
1
2
r1a3,2a3,3 + 2r1a3,3a2,4−
1
16
a22,3a
2
3,2 +
1
4
a22,3a3,2a2,4 −
1
4
a22,3a
2
2,4 +
1
4
a2,3a3,2a3,3 − 1
2
a2,3a3,3a2,4 − 1
8
a33,2+
1
2
a23,2a2,4 +
1
2
a3,2a5,0 − 1
2
a3,2a2,4 − a5,0a2,4 − 1
4
a23,3
and in addition, both a5,0 6= r3 and a3,3 6= r2 then f is Morse equivalent to x(x+ y2)2 +
x3y3 + x4y + x4y2 + x5 − 1/4x6.
Lemma 6.33. If the conditions in the table of lemma 6.32 hold and in addition a3,3 = r2
and a5,0 6= r3 then f is Morse equivalent to x(x+ y2)2 + x4y2 + x5.
Lemma 6.34. If the conditions in the table of lemma 6.32 hold and in addition a3,3 6= r2,
a5,0 = r3 and a2,4 6= −94r21 + r1a2,3 − 116a2,3 + 14a3,2 then f is Morse equivalent to
x(x+ y2)2 + x3y3 + x4y + x4y2 + x5 + 12x
4 − 14x6.
Lemma 6.35. If the conditions in the table of lemma 6.32 hold and in addition a3,3 6= r2,
a5,0 = r3 and a2,4 = −94r21 + r1a2,3 − 116a2,3 + 14a3,2 then f is Morse equivalent to
x(x+ y2)2 + 2x3y3 + 2x4y − x6.
Lemma 6.36. If the conditions in the table of lemma 6.32 hold and in addition a3,3 = r2
and a5,0 = r3 then f is Morse equivalent to x(x+ y
2)2.
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Proof. Let
a = a2,3 − a3,1
b =
1
2
a3,2 − a2,4 − 19
16
a22,3 +
7
2
a2,3a3,1 − 5
2
a23,1
c = a3,1 − 1
2
a2,3
d =
1
2
a3,2 − a2,4 − 5
8
a22,3 + 2a2,3a3,1 −
3
2
a23,1
We may factorise f to
f(x, y) = (x+ axy + bx2)(x+ y2 + cxy + dx2)2 .
The deformation
F (x, y, t) = (x+ atxy + btx2)(x+ y2 + ctxy + dtx2)2
is Morse stable, which completes the proof.
Now we return to the case where
f(x, y) = x3 + a2,2x
2y2 + a1,4xy
4 + a2,3x
2y3 + a3,2x
3y2 + a4,1x
4y + a5,0x
5 +H6(x, y) ,
and assume a22,2 = 3a1,4 6= 0 and 27a0,6 = a32,2. So the leading edge of f is a perfect cube
and we may factorise to get f(x, y) = (x + 13a2,2y
2)3 + . . . . We may assume without
loss of generality that a2,2 = 3.
Lemma 6.37. Let f(x, y) = (x+ y2)3 +
∑
i,j ai,jx
iyj. If a1,5 6= a2,3 − a3,1, f is Morse
equivalent to (x+ y2)3 + xy5.
Proof. In this case the first term of both the polars and all three roots is x = −y2. Now
as a1,5 6= a2,3 − a3,1, the leading edge of the Newton polygon of f(x − y2, y) will be
E = x3 + (a2,3 − a1,5 − a3,1)y7. So by sliding, the next term in the roots of f will be
3
√
a1,5 − a2,3 + a3,1y 73 .
By considering the Newton polygon of fx(x−y2, y), the next term in the polars of f will
have order at least 52 . Hence the only truncated polar of f is x = −y2 with multiplicity
two and Lojasiewicz exponent 7. The deformation
F (x, y, t) = (x+ y2)3 + ta2,3x
2y3 + ta3,1x
3y +
(
a1,5 + (1− t)(a3,1 − a2,3)
)
xy5 + tR(x, y)
is Morse stable, so f is Morse equivalent to g(x, y) = (x+ y2)3 + (a1,5 + a3,1 − a2,3)xy5,
which is clearly equivalent to (x+ y2)3 + xy5.
Lemma 6.38. With f as above, if a1,5 = a2,3 − a3,1 and a2,3 6= 2a3,1 then f is Morse
equivalent to (x+ y2)3 + xy5 + x2y3.
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Proof. First we may use the deformation
F (x, y, t) = (x+y2)3+(a2,3−(2−t)a3,1)xy5+(a2,3−2(1−t)a3,1)x2y3+ta3,1x3y+tR(x, y) ,
to show that f is Morse equivalent to g(x, y) = (x + y2)3 + (a2,3 − a3,1)xy5 + (a2,3 −
a3,1)x
2y3. Now
g(x− y2, y) = x3 + (a3,1 − a2,3)xy5 ,
so g has two polars x = −y2 ±
√
a2,3−a3,1
3 y
5
2 , and three roots x = 0, x = −y2 ±√
a2,3 − a3,1y 52 . Hence the truncated polars of g are x = γ(y) = −y2 ±
√
a2,3−a3,1
3 y
5
2 .
As this is true for any value of a2,3 − a3,1 6= 0, we can complete the proof using the
deformation
G(x, y) = (x+ y2)3 + (a2,3 − a3,1(t))xy5 + (a2,3 − a3,1(t))x2y3 ,
where a3,1(t) 6= a2,3.
Now if both a1,5 = a2,3 − a3,1 and a2,3 = 2a3,1 the first condition becomes a1,5 =
2a3,1 − a3,1 = a3,1. So assume
f(x, y) = (x+ y2)3 + a3,1xy(x+ y
2)2 +
∑
i,j
ai,jx
iyi ,
where the sum is over the remaining indices.
Lemma 6.39. If a3,2 6= a4,0 + a2,4, then f is Morse equivalent to (x+ y2)3 + x2y4.
Proof. We may write f(x, y) = (x+y2)3+a3,1xy(x+y
2)2+a2,4x
2y4+a3,2x
3y2+a4,0x
4+
R(x, y).
If we examine the Newton polygon of f(x−y2, y), as a3,2 6= a4,0+a2,4, the lowest edge E
of this Newton polygon will be x3+(a4,0+a2,4−a3,2)y8. (There cannot be any other dots
on E.) Because of this, there is one truncated generic polar x = −y2 with multiplicity
two and Lojasiwicz exponent eight. The lemma follows from the deformations
F (x, y, t) = (x+ y2)3 + ta3,1xy(x+ y
2)2 +
(
a2,4 + (1− t)(a4,0 − a3,2)
)
x2y4+
a3,2tx
3y2 + a4,0tx
4 + tR(x, y)
G(x, y, t) = (x+ y2)3 +
(
a2,4 + a4,0 − a3,2(t)
)
x2y4 ,
where a3,2(t) 6= a4,0 + a2,4.
Now if a3,2 = a4,0 +a2,4, the Newton polygon of f(x− y2, y) will have a leading edge
with gradient −3 E = x3 − a3,1x2y3 + (−a4,0 + a2,4)xy6 + (a4,1 − a3,3)y9. There are a
number of cases to consider.
If 4a23,1 6= 12(−a4,0 + a2,4), then E will have two polars. If in addition, the cubic
discriminant ∆(E) of E is non-zero, neither of these polars are roots of f .
Lemma 6.40. If a1,5 = a3,1, a2,3 = 2a3,1, and a3,2 = a4,0 + a2,4, a
2
3,1 6= 3(−a4,0 + a2,4),
and the cubic discriminant ∆(E) of E is non-zero, f is Morse equivalent to (x+ y2)3 +
x2y4 + x3y2.
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a1,5 = a3,1
a2,3 = 2a3,1
a3,2 = a4,0 + a2,4
a23,1 6= 3(−a4,0 + a2,4)
∆(E) = 0
Table 6.1: table for lemmas 6.41 to 6.45
Proof. This follows from the space of (a3,1, a2,4, a4,0, a3,3, a4,1) ∈ C5 with a23,1 6= 3(−a4,0+
a2,4) and ∆(E) 6= 0 being path connected.
Next is the case where E has a double root. If δ(E) = 0 and a2,4 6= a4,0 + 13a23,1 then
E has a double root,
r1 =
9(a4,1 − a3,3) + a3,1(a2,4 − a4,0)
2a23,1 − 6(a2,4 − a4,0)
,
note that the denominator is non-zero by assumption. To classify these strata we must
slide to find the Lojasiewicz exponent of this root.
Lemma 6.41. If the relations in table 6.1 hold and
a5,0 6= −r31a3,1 + 3r21a4,0 − 2r21a2,4 + 4r1a4,1 − 3r1a3,3 + a4,2 ,
then f is Morse equivalent to (x+ y2)3 + xy(x+ y2)2 + x5.
Lemma 6.42. If the relations in table 6.1 hold,
a5,0 = −r31a3,1 + 3r21a4,0 − 2r21a2,4 + 4r1a4,1 − 3r1a3,3 + a4,2 ,
and
a5,1 6= −1
4(3r1 + a3,1)
(
3r21a3,1 − 6r1a4,0 + 4r1a2,4 − 4a4,1 + 3a3,3
)2
+ 5r41a3,1−
12r31a4,0 + 9r
3
1a2,4 − 14r21a4,1 + 12r21a3,3 − r1a4,2
(Note that r1 + a3,1 will be zero only when the cubic discriminant of E is zero.) then f
is Morse equivalent to (x+ y2)3 + xy(x+ y2)2 + x5y.
Lemma 6.43. If the relations in table 6.1 hold
a5,0 = 9r
4
1 + 5r
3
1a3,1 + r
2
1a2,4 + 4r1a4,1 − 3r1a3,3 + a4,2
a5,1 =
−1
4(3r1 + a3,1)
(
3r21a3,1 − 6r1a4,0 + 4r1a2,4 − 4a4,1 + 3a3,3
)2
+ 5r41a3,1−
12r31a4,0 + 9r
3
1a2,4 − 14r21a4,1 + 12r21a3,3 − r1a4,2
and
a6,0 6= −(−r32 + r22a2,4 + 6r2r41 + 2r2r31a3,1 − r2r21a2,4 − r2a4,2 − 5r61 − 2r51a3,1 + r21a4,2) ,
then f is Morse equivalent to (x+ y2)3 + xy(x+ y2)2 + x6.
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Lemma 6.44. If the relations in table 6.1 hold,
a5,0 = 9r
4
1 + 5r
3
1a3,1 + r
2
1a2,4 + 4r1a4,1 − 3r1a3,3 + a4,2
a5,1 =
−1
4(3r1 + a3,1)
(
3r21a3,1 − 6r1a4,0 + 4r1a2,4 − 4a4,1 + 3a3,3
)2
+ 5r41a3,1−
12r31a4,0 + 9r
3
1a2,4 − 14r21a4,1 + 12r21a3,3 − r1a4,2
a6,0 = −(−r32 + r22a2,4 + 6r2r41 + 2r2r31a3,1 − r2r21a2,4 − r2a4,2 − 5r61 − 2r51a3,1 + r21a4,2)
and
0 6= (3r22 − 24r2r21 − 8r2r1a3,1 − 2r2a2,4 + 12r41 + 4r31a3,1 + r21a2,4 + a4,2)2−
−1
4(3r1 + a3,1)
(
9r32r1 − 51r22r31 − 15r22r21a3,1 − 6r22r1a2,4 + 48r2r51 + 16r2r41a3,1+
7r2r
3
1a2,4 + 3r2r1a4,2 − 12r71 − 4r61a3,1 − 2r51a2,4 − 2r31a4,2
)
then f is Morse equivalent to (x+ y2)3 + xy(x+ y2)2 + x4y2 + x5.
Lemma 6.45. If all the relations in table 6.1 hold, the equalities from the above lemma
hold and
0 =
(
3r22 − 24r2r21 − 8r2r1a3,1 − 2r2a2,4 + 12r41 + 4r31a3,1 + r21a2,4 + a4,2
)2−
−1
4(3r1 + a3,1)
(
9r32r1 − 51r22r31 − 15r22r21a3,1 − 6r22r1a2,4 + 48r2r51 + 16r2r41a3,1+
7r2r
3
1a2,4 + 3r2r1a4,2 − 12r71 − 4r61a3,1 − 2r51a2,4 − 2r31a4,2
)
then f is Morse equivalent to (x+ y2)3 + xy(x+ y2)2.
Now we return to the general case. If a2,4 = a4,0 +
1
3a
2
3,1 then E will have one polar,
x = γ(y) = 13a3,1y
3. If γ(y) is not a root of E then we can classify this stratum, if it is
a root then we must continue sliding.
Lemma 6.46. If a3,2 = a4,0 + a2,4, a2,4 = a4,0 +
1
3a
2
3,1, and a3,3 6= a4,1 + 127a33,1. then f
is Morse equivalent to (x+ y2)3 + x3y3.
Proof. In this case the Newton polygon of f(x− y2 + 13a3,1y3, y) is x3 + (a4,1 + 127a33,1−
a3,3)y
9, with no other dots. Hence f has one truncated generic polar x = −y2 + 13a3,1y3
with Lojasiewicz exponent 9. The lemma follows from the deformation
F (x, y, t) = (x+ y2)3 + a3,1txy(x+ y
2)2 + t2a2,4x
2y4 + t2
(
a2,4 − 1
3
a23,1
)
x3y2+
t2
(
a2,4 − 1
3
a23,1
)
x4 + t3a4,1x
4y +
(
a3,3 − (1− t3)(a4,1 + 1
27
a33,1)x
3y3 + tR(x, y) .
Note that if:
a3,2 = a4,0 + a2,4
a2,4 = a4,0 +
1
3
a23,1
a3,3 = a4,1 +
1
27
a33,1 ,
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f can be written
f(x, y) = (x+ y2 +
1
3
a3,1xy)
3 + a4,0x
2(x+ y2)2 + a4,1x
3y(x+ y2) +R(x, y) .
Lemma 6.47. If
a3,2 = a4,0 + a2,4
a2,4 = a4,0 +
1
3
a23,1
a3,3 = a4,1 +
1
27
a33,1
a5,0 6= a4,2 − 1
3
a4,1a3,1 +
1
9
a23,1a4,0 ,
then f is Morse equivalent to (x+ y2)3 + x5.
Proof. In this case the Newton polygon of f(x−y2+ 13a3,1y3, y) is x3+(a4,2− 13a4,1a3,1+
1
9a
2
3,1a4,0 − a5,0)y10, with no other dots. Hence f has one truncated generic polar x =
−y2 + 13a3,1y3 with Lojasiewicz exponent 10. The lemma follows from the deformation
F (x, y, t) = (x+ y2 +
1
3
ta3,1xy)
3 + t2a4,0x
2(x+ y2)2 + t3a4,1x
3y(x+ y2) + t4a4,2x
4y2+(
a5,0 − (1− t4)(a4,2 − 1
3
a4,1a3,1 +
1
9
a23,1a4,0)
)
x5 + tR(x, y) .
Lemma 6.48. If the equalities from the previous lemma hold and in addition
a5,0 = a4,2 − 1
3
a4,1a3,1 +
1
9
a23,1a4,0
a4,1 6= 2
3
a3,1a4,0 ,
then f is Morse equivalent to (x+ y2)3 + x3y3 + x4y.
Proof. In this case the Newton polygon of f(x − y2 + 13a3,1y3, y) is x3 + (23a3,1a4,0 −
a4,1)xy
7. Hence f has two polars
x = y2 − 1
3
a3,1y
3 +±1
3
√
3a4,1 − 2a3,1a4,0y 72 +H.O.T. ,
and three roots, x = y2 − 13a3,1y3 and
x = y2 − 1
3
a3,1y
3 +± 1√
3
√
3a4,1 − 2a3,1a4,0y 72 +H.O.T. .
Hence the truncated generic polars are x = y2− 13a3,1y3 +±13
√
3a4,1 − 2a3,1a4,0y 72 , with
Lojasiewicz exponent 10.5. The lemma follows from the deformation
F (x, y, t) = (x+ y2 +
1
3
ta3,1xy)
3 + t2a4,0x
2(x+ y2)2 +
(
a4,1 − 2
3
(1− t3)a3,1a4,0
)
x3y(x+ y2)+
t4a4,2x
4y2 + t4
(
a4,2 − 1
3
a4,1a3,1 +
1
9
a23,1a4,0
)
x5 + tR(x, y)
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Lemma 6.49. If the equalities from the previous lemma hold and in addition
a4,1 =
2
3
a3,1a4,0
a5,1 6= 1
3
a4,2a3,1 − 1
27
a4,0a
3
3,1 ,
then f is Morse equivalent to (x+ y2)3 + x5y.
Proof. In this case the Newton polygon of f(x − y2 + 13a3,1y3, y) is x3 + (13a4,2a3,1 −
1
27a4,0a
3
3,1 − a5,1)y11, with no other dots. Hence f has one truncated generic polar x =
−y2 + 13a3,1y3 with Lojasiewicz exponent 11. The lemma follows from the deformation
F (x, y, t) = (x+ y2 +
1
3
ta3,1xy)
3 + t2a4,0x
2(x+ y2)2 + t3a4,1x
3y(x+ y2) + t4a4,2x
4y2+
t4(a4,2 − 1
9
a23,1a4,0)x
5 +
(
a5,1 − (1− t5)(1
3
a4,2a3,1 − 1
27
a4,0a
3
3,1)
)
x5y + ta6,0x
6 .
If all the equalities from the previous lemma hold and in addition
a5,1 =
1
3
a4,2a3,1 − 1
27
a4,0a
3
3,1 ,
then the leading edge of f(x− y2 + 13a3,1y3, y) will be
E = x3+(a4,0+
1
3
a23,1)x
2y4+(a4,2+
1
9
a23,1a4,0+
1
27
a43,1)xy
8+(a6,0+
1
9
a23,1a4,2+
1
729
a63,1)y
12 .
If 4(a4,0 +
1
3a
2
3,1)
2 6= 12(a4,2 + 19a23,1a4,0 + 127a43,1) then E will have two distinct polars.
We can simplify this condition to 3a4,2 6= a24,0 + 13a23,1a4,0.
Lemma 6.50. If the equalities from lemma 6.49 hold and in addition:
3a4,2 6= a24,0 + 13a23,1a4,0, and the cubic discriminant of E is non-zero then f is Morse
equivalent to (x+ y2)3 + x4y2 + x5.
Lemma 6.51. If the equalities from lemma 6.49 hold and in addition:
3a4,2 6= a24,0+ 13a23,1a4,0, and the cubic discriminant of E is zero then f is Morse equivalent
to (x+ y2)3 − 3x4y2 − 3x5 + 2x6.
If 3a4,2 = a
2
4,0 +
1
3a
2
3,1a4,0 then E will have a single polar of multiplicity two.
Lemma 6.52. If the equalities from lemma 6.49 hold and in addition:
3a4,2 = a
2
4,0 +
1
3a
2
3,1a4,0, and
a6,0 6= 127a34,0
then f is Morse equivalent to (x+ y2)3 + x6.
Proof. First note that f = (x + y2 + 13a3,1xy +
1
3a4,0x
2)3 + (a6,0 − 127a34,0)x6. Now the
Newton polygon of f(x−y2+ 13a3,1y3−(a4,0+ 13a3,1)y4, y) is x3+(a6,0− 127a34,0)y12, with no
other dots. Hence f has one truncated generic polar x = −y2 + 13a3,1y3−(a4,0 + 13a3,1)y4
with Lojasiewicz exponent 12. The lemma follows from the deformation
F (x, y, t) = (x+ y2 +
1
3
ta3,1xy +
1
3
ta4,0x
2)3 + (a6,0 − 1
27
(1− t3)a34,0)x6
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Lemma 6.53. If the equalities from lemma 6.49 hold and in addition:
3a4,2 = a
2
4,0 +
1
3a
2
3,1a4,0, and
a6,0 =
1
27a
3
4,0
then f is Morse equivalent to x3.
Proof. f can be factorised to give f(x, y) =
(
x+y2+ 13a3,1xy+
1
3a4,0x
2
)3
, which is Morse
equivalent to x3 using the deformation
F (x, y, t) =
(
x+ y2 +
1
3
ta3,1xy +
1
3
ta4,0x
2
)3
.
Now we return to the case where
f(x, y) = x3 + a2,2x
2y2 + a1,4xy
4 + a2,3x
2y3 + a3,2x
3y2 + a4,1x
4y + a5,0x
5 +H6(x, y) ,
and assume that a2,2 = a1,4 = a0,6 = 0.
Lemma 6.54. If a1,5 6= 0 then f is Morse equivalent to x3 + xy5, and not Morse
equivalent to (x+ y2)3 + x3y3 in J6.
Lemma 6.55. If a1,5 = 0 and a2,3 6= 0 then f is Morse equivalent to x3 + x2y3, and
not Morse equivalent to (x+ y2)3 + xy(x+ y2)2 in J6.
Lemma 6.56. If a1,5 = a2,3 = 0 and a2,4 6= 0 then f is Morse equivalent to x3 + x2y4,
and not Morse equivalent to (x+ y2)3 − 3x5 − 3x4y2 + 2x6 in J6.
Proof. The first part of these lemmas follow from the deformations
F1(x, y, t) = x
3 + a1,5xy
5 + tR1(x, y)
F2(x, y, t) = x
3 + a2,3x
2y3 + tR2(x, y)
F3(x, y, t) = x
3 + a2,4x
2y4 + tR3(x, y)
Lemma 6.57. If a1,5 = a2,3 = a2,4 = 0 then f is Morse equivalent to x
3.
Proof. This follows from the deformation
F (x, y, t) = x3 + tR(x, y) .
Now consider jets which project to x2y+H.O.T. . By a linear change of coordinates
if necessary we can assume f(x, y) = x2y +H.O.T. .
Proposition 6.58. If f ∈ J6 projects to a stratum which is Morse equivalent to x2y in
J3 then f is equivalent to one of the strata x2y + . . . , given in theorem 6.1.
First, by lemma 3.7 if f(x, y) = x2y +H.O.T. is Morse equivalent to x2y, x2y + y4,
or x2y + y5 in J5(2,1)(C) then f is Morse equivalent to the same jet in J
6.
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Lemma 6.59. If a21,3 = 4a0,5 and a0,6 6= 12a1,3a1,4− 14a21,3a2,2+ 18a31,3a3,0 then f is Morse
equivalent to x2y + y6.
Lemma 6.60. If a1,3 = a0,5 = a0,6 = 0, and a1,4 6= 0 then f is Morse equivalent to
x2y + xy4.
Lemma 6.61. If a1,3 = a0,5 = a0,6 = a1,4 = 0, and a1,5 6= 0 then f is Morse equivalent
to x2y + xy5.
Now if a21,3 = 4a0,5 6= 0 we may write f(x, y) = y(x + 12a1,3y2)2 + R(x, y). We may
assume a1,3 = 2. So let f(x, y) = y(x+ y
2)2 +
∑
i,j ai,jx
iyj (where the coefficient of x3
is zero).
Lemma 6.62. If a0,6 = a1,4−a2,2 and a1,5 6= a2,3−a3,1−(a2,2− 12a1,4)2 then f is Morse
equivalent to x2y + xy4.
To simplify the algebra let P1 = a2,2 − 12a1,4.
Lemma 6.63. If
a0,6 = a1,4 − a2,2
a1,5 = a2,3 − a3,1 − P 21
a2,4 6= a3,2 − a4,0 − (2a3,1 − a2,3)P1 − 1
2
a1,4P
2
1
then f is Morse equivalent to y(x+ y2)2 + x4.
Lemma 6.64. If
a0,6 = a1,4 − a2,2
a1,5 = a2,3 − a3,1 − P 21
a2,4 = a3,2 − a4,0 − (2a3,1 − a2,3)P1 − 1
2
a1,4P
2
1
a3,3 6= a4,1 + P1a3,2 − 2P1a4,0 − P 21 a3,1 − (a3,1 −
1
2
a2,3 +
1
2
P1a1,4 − 1
2
P 21 )
2
then f is Morse equivalent to y(x+ y2)2 + x4y.
P2 =
1
2(a2,3−P 21 −P1a1,4)−a3,1 P3 = 12a3,2−a4,0+ 12P2a1,4−P1a3,1+P1P2+ 12P 21 a1,4.
Lemma 6.65. If all the equalities from the previous lemma hold and in addition
a3,3 = a4,1 + P1a3,2 − 2P1a4,0 − P 21 a3,1 − (a3,1 −
1
2
a2,3 +
1
2
P1a1,4 − 1
2
P 21 )
2
a5,0 6= −2P1 − 1
2
P 41 a1,4 − 6P 31P2 + P 21
(
2P3 + a4,0 − P2a1,4
)
− 4P1P 22 − P1a4,1 −
1
2
P 22 a1,4 + 2P2P3 + a4,2
then f is Morse equivalent to y(x+ y2)2 + x5.
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Lemma 6.66. If all the equalities from the previous lemma hold and in addition
a5,0 = −2P1 − 1
2
P 41 a1,4 − 6P 31P2 + P 21
(
2P3 + a4,0 − P2a1,4
)
− 4P1P 22 − P1a4,1 −
1
2
P 22 a1,4 + 2P2P3 + a4,2
a5,1 6= −7P 61 −
1
2
P 51 a1,4 − 21P 41P2 − P 41 a3,1 + P 31
(
6P3 + 3a4,0 − P2a1,4
)−
P 21
(
2a4,1 + 2P2a3,1 + 16P
2
2
)
+ P1
(
a4,2 + 1P2a4,0 + 8P2P3 − 1
2
P 22 a1,4
)−
P 32 − P 22 a3,1 − P2a4,1 − P 23
then f is Morse equivalent to y(x+ y2)2 + x5y.
Now let
P4 = a4,1+P
4
1−2P 31 a1,4−P 21P2+2P 21 a3,1+P1(2P3−
3
2
P2a1,4−2a4,0)−1
4
P 22 +P2a3,1+
1
2
P3a1,4
Lemma 6.67. If all the equalities from the previous lemma hold and in addition
a5,1 = −7P 61 −
1
2
P 51 a1,4 − 21P 41P2 − P 41 a3,1 + P 31
(
6P3 + 3a4,0 − P2a1,4
)−
P 21
(
2a4,1 + 2P2a3,1 + 16P
2
2
)
+ P1
(
a4,2 + 1P2a4,0 + 8P2P3 − 1
2
P 22 a1,4
)−
P 32 − P 22 a3,1 − P2a4,1 − P 23
a6,0 6= 13P 71 +
9
2
P 61 a1,4 +
55
2
P 51P2 − 2P 51 a3,1 +
25
4
4
1
P2a1,4 − 12P 41P3+
P 31
(63
4
P 22 − 2P2a3,1 −
3
2
P3a1,4 + 3P4
)
+ P 21
(9
4
P 22 a1,4 − 10P2P3 −
1
2
P2a4,0 − a4,2
)
+
P1
(17
8
P 32 −
1
2
P 22 a3,1 − P2P3a1,4 + 2P2P4 +
3
2
P 23
)
+
1
16
P 32 a1,4 −
3
4
P 22P3−
1
4
P 22 a4,0 −
1
2
P2a4,2 +
1
8
P 23 a1,4 −
1
2
P3P4
then f is Morse equivalent to y(x+ y2)2 + x6.
Lemma 6.68. If all the equalities from the previous lemma hold and in addition
a6,0 = 13P
7
1 +
9
2
P 61 a1,4 +
55
2
P 51P2 − 2P 51 a3,1 +
25
4
4
1
P2a1,4 − 12P 41P3+
P 31
(63
4
P 22 − 2P2a3,1 −
3
2
P3a1,4 + 3P4
)
+ P 21
(9
4
P 22 a1,4 − 10P2P3 −
1
2
P2a4,0 − a4,2
)
+
P1
(17
8
P 32 −
1
2
P 22 a3,1 − P2P3a1,4 + 2P2P4 +
3
2
P 23
)
+
1
16
P 32 a1,4 −
3
4
P 22P3−
1
4
P 22 a4,0 −
1
2
P2a4,2 +
1
8
P 23 a1,4 −
1
2
P3P4
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(1
2
P3 − 3
2
P1P2 − 2P 31
)× (− 41P 51 − 172 P 41 a1,4 − 32P 31P2 − 12P 31 a21,4+
P 21 (12P3 − a4,0 −
15
2
P2a1,4) + P1(
1
2
P2a3,1 − 3
8
P2a
2
1,4 + 3P3a1,4 − 2P4)−
3
8
P 22 a1,4−
5
4
P2P3 − P2a4,0 − 1
2
P3a3,1 +
1
8
P3a
2
1,4 −
1
2
P4a1,4 − a4,2
)−
1
4
(
P4
1
2
− 1
2
P3a1,4 + P
2
2 − 7P1P3 +
3
2
P1P2a1,4 + 19P
2
1P2 − 2P 31 a1,4 + 22P 41
)2 6= 0
then f is Morse equivalent to y(x+ y2)2 + x3y3 + x4y.
Now for the next step we need(1
2
P3 − 3
2
P1P2 − 2P 31
)× (− 41P 51 − 172 P 41 a1,4 − 32P 31P2 − 12P 31 a21,4+
P 21 (12P3 − a4,0 −
15
2
P2a1,4) + P1(
1
2
P2a3,1 − 3
8
P2a
2
1,4 + 3P3a1,4 − 2P4)−
3
8
P 22 a1,4−
5
4
P2P3 − P2a4,0 − 1
2
P3a3,1 +
1
8
P3a
2
1,4 −
1
2
P4a1,4 − a4,2
)−
1
4
(
P4
1
2
− 1
2
P3a1,4 + P
2
2 − 7P1P3 +
3
2
P1P2a1,4 + 19P
2
1P2 − 2P 31 a1,4 + 22P 41
)2
= 0 .
There are two scenarios where this could happen: if 12P3 − 32P1P2 − 2P 31 = 0 , then
P4
1
2
− 1
2
P3a1,4 + P
2
2 − 7P1P3 +
3
2
P1P2a1,4 + 19P
2
1P2 − 2P 31 a1,4 + 22P 41 = 0 .
In this case the Lojasiewicz exponent of f will be at least 15.
Alternatively, if 12P3 − 32P1P2 − 2P 31 6= 0 , then noting that a4,2 is not in P1, P2, P3
or P4 this can be rewritten as
a4,2 = P5 +
P6
1
2P3 − 32P1P2 − 2P 31
.
In this case the Lojasiewicz exponent of f will be at least 14.
Lemma 6.69. If 12P3 − 32P1P2 − 2P 31 6= 0,
a4,2 = P5 +
P6
1
2P3 − 32P1P2 − 2P 31
,
and
a4,0 6= P7
(12P3 − 32P1P2 − 2P 31 )2
then f is Morse equivalent to y(x+ y2)2 + 2x3y2 + 2x4 − x5y.
As with the quadratic case the polynomials involved become difficult to manage
beyond this point, and the rest of this classification will follow in a later work. The
Lojasiewicz exponent of these jets is between 15 and 18.
This concludes the cubic cases.
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6.3 Quartic
From lemma 3.7 the strata where all polars have Lojasiewicz exponent less than 6 in
the projection pi5 : J
6 → J5 will be preserved by this projection. Thus we only need to
consider the strata which project to the following:
x4, x4 + x2y3, x4 + x3y2, x3y, x3y + x2y3, x2y2, x2y2 + x(x+ y)4, x2y2 +
x5, x2y2 + xy(x+ y)3, x2y2 + x4y, x4 + x2y2, x4 + x2y2 + xy4.
We will consider the first three possibilities together. These are the cases where the
quartic term has a quadruple root which is a root of the quintic term (if it is not a root
of the quintic term f is equivalent to x4 + y5). A jet in one of those strata is equivalent
under linear coordinate change to the jet
f(x, y) = x4 + a2,3x
2y3 + a3,2x
3y2 + a4,1x
4y + a5,0x
5 +H6(x, y) ,
so we shall classify these jets. The Newton diagram of this is plotted in figure 6.2, with
grey used to represent dots which may not in fact exist. As can be seen from this, there
are six possibilities for the Newton polygon (where all coefficients ai,j are assumed to
be non-zero): x4 + a2,3x
2y3;
x4 + a2,3x
2y3 + a0,6y
6;
x4 + a2,3x
2y3 + a1,5xy
5;
x4 + a1,5xy
5;
x4 + a3,2x
3y2
x4 + a3,2x
3y2 + a2,4x
2y4;
x4 + a3,3x
3y3.
x
y
Figure 6.2: Diagram showing the possible leading edges for f(x, y) = x4 + a2,3x
2y3 +
a3,2x
3y2 + a4,1x
4y + a5,0x
5 +H6(x, y) .
Proposition 6.70. If the Newton polygon of f is of the form x4 +a2,3x
2y3, x4 +a0,6y
6,
x4 + a2,3x
2y3 + a1,5xy
5, x4 + a1,5xy
5, x4 + a3,2x
3y2 or x4 + a3,3x
3y3 (where none of
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the coefficients a2,3, a0,6, a1,5, a3,3 are zero) then in J
6
(2,1)(C) f is Morse equivalent to
x4 + x2y3 + xy5, x4 + y6, x4 + xy5, x4 + x2y3 or x4 + x3y3 respectively.
Proof. We shall sketch the proof for all cases together. First consider the deformations:
F1(x, y, t) = x
4 + a2,3x
2y3 + a1,5xy
5 + tR1(x, y)
F2(x, y, t) = x
4 + a0,6y
6 + tR2(x, y)
F3(x, y, t) = x
4 + a1,5xy
5 + tR3(x, y)
F4(x, y, t) = x
4 + a2,3x
2y3 + tR4(x, y)
F5(x, y, t) = x
4 + a3,3x
3y3 + tR5(x, y) .
Noting that Ri(x, y) consists only of terms above the Newton polygon of Fi, the roots
of these are respectively:
F1 : x = ±ι√a2,3y 32 +H.O.T. x = −a1,5
a2,3
y2 +H.O.T. x = 0
F2 : x = ω4 4
√−a0,6y 32 +H.O.T.
F3 : x = 3
√−a1,5y 53 +H.O.T. x = ω±13 3√−a1,5y 53 +H.O.T. x = 0
F4 : x = ±ι√a2,3y 32 +H.O.T. x = 0 (mult. 2)
F5 : x = −a3,3y3 +H.O.T. x = 0 (mult. 3)
(where ωi is a complex i-th root of unity) and the polars are:
F1 : x = ±ι
√
1
2
a2,3y
3
2 +H.O.T. x = − a1,5
2a2,3
y2 +H.O.T.
F5 x = 0 (mult. 3)
F3 : x =
3
√
−1
4
a1,5y
5
3 +H.O.T. x = ω±13
3
√
−1
4
a1,5y
5
3 +H.O.T.
F4 : x = ±ι
√
1
2
a2,3y
3
2 +H.O.T. x = 0
F5 x = −3
4
a3,3y
3 +H.O.T. x = 0 (mult. 2)
So in every case, the truncated polars will be simply the leading term of the corre-
sponding polar (or zero), which does not depend on t. In particular, if a2,3 and a1,5 are
non-zero then F1 is Morse stable, similarly if a0,6 6= 0, F2 is Morse stable and so on.
Now consider:
G1(x, y, t) = x
4 + a2,3(t)x
2y3 + a1,5(t)xy
5
G2(x, y, t) = x
4 + a0,6(t)y
6
G3(x, y, t) = x
4 + a1,5(t)xy
5
G4(x, y, t) = x
4 + a2,3(t)x
2y3
G5(x, y, t) = x
4 + a3,3(t)x
3y3 ,
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each of these is Morse stable if the relevant coefficients a2,3(t)a1,5(t) 6= 0, a0,6 6= 0,
a1,5(t) 6= 0, a2,3(t) 6= 0 and a3,3(t) 6= 0 respectively. Hence each of these are Morse
stable on any complex set which does not contain the origin. The proof is completed by
the transitive property of equivalence relations.
Lemma 6.71. If f(x, y) = x4 + a4,1x
4y+ a5,0x
5 + a4,2x
4y2 + a5,1x
5y+ a6,0x
6 then f is
Morse equivalent to x4 using the deformation
F (x, y, t) = x4 + tR(x, y) .
We shall now deal with the case where the leading edge of f is x4 +a2,3x
2y3 +a0,6y
6,
where a0,6 6= 0 (no restrictions on a2,3).
Proposition 6.72. If f = x4 + a2,3x
2y3 + a0,6y
6 +H.O.T. then f is Morse equivalent
to either x4 + x2y3 + y6 or a jet of the form (x2 + y3)2 +H.O.T. , given in theorem 6.1.
Lemma 6.73. If f(x, y) = x4+a2,3x
2y3+a0,6y
6+H.O.T. , a2,3 6= 0, and a22,3−4a0,6 6= 0
then f is Morse equivalent to x4 + x2y3 + y6.
Proof. Consider F (x, y, t) = x4 + a2,3(t)x
2y3 + a0,6(t)y
6, where a2,3(t) 6= 0, a0,6(t) 6= 0,
and a2,3(t)
2 − 4a0,6(t) 6= 0. First of all, from the third assumption, the leading edge
of f will not have any multiple roots, so this stratum is distinct from x4 + x2y3. The
truncated generic polars of f will be x = 0 and the two roots of x2 = −12a2,3(t)y3, so
this stratum is distinct from x4 + y6. Clearly the latter two polars will always have the
same valuation, which will necessarily be different to the valuation of the polar x = 0,
hence for any a2,3(t) and a0,6(t) which meet the three conditions this deformation will
be Morse stable.
Now assume f(x, y) = (x2−y3)2+a1,5xy5+a2,3x2y3+a2,4x2y4+a3,2x3y2+a3,3x3y3+
a4,1x
4y+a4,2x
4y2 +a5,0x
5 +a5,1x
5y+a6,0x
6. (Note that any jet of the form (x2 +y3)2 +
H.O.T. is equivalent to one of the form (x2 − y3)2 + H.O.T. using a simple coordinate
change. We use the x2 − y3 form in these lemmas to avoid having complex terms.)
Lemma 6.74. If a1,5 6= −a3,2 then f is Morse equivalent to (x2 − y3)2 + xy5.
Lemma 6.75. If a1,5 = −a3,2 and a2,4 6= 14a23,2 − a4,1 then f is Morse equivalent to
(x2 − y3)2 + x2y4.
Lemma 6.76. If a1,5 = −a3,2, a2,4 = 14a23,2 − a4,1 and a5,0 6= 12a3,2a4,1 − a3,3 then f is
Morse equivalent to (x2 − y3)2 + x3y3.
Lemma 6.77. If the equalities from the previous lemma hold and in addition both:
a5,0 =
1
2a3,2a4,1 − a3,3 and
a4,2− 6= 14a24,1 − 12a3,2a3,3 + 14a23,2a4,1 then f is Morse equivalent to (x2 − y3)2 + x4y2.
Lemma 6.78. If the equalities from the previous lemma hold and in addition both:
a4,2− 6= 14a24,1 − 12a3,2a3,3 + 14a23,2a4,1 and
a5,1 6= 14a3,2a24,1 − 12a3,3a4,1 then f is Morse equivalent to (x2 − y3)2 + x5y.
Lemma 6.79. If the equalities from the previous lemma hold and in addition: a5,1 =
1
4a3,2a
2
4,1 − 12a3,3a4,1 and a6,0 6= 14(a3,3 − 12a3,2a4,1)2 then f is Morse equivalent to (x2 −
y3)2 + x6.
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Proof. These lemmas follow from the deformations
F1(x, y, t) = (x
2 − y3)2 + a1,5txy5 + (a3,2 + (1− t)a1,5)x3y2 + tR1(x, y)
F2(x, y, t) = (x
2 − y3)2 − a3,2txy5 + a3,2tx3y2 + a4,1t2x4y+
+ (a2,4 + (1− t2)(a4,1 − 1
4
a23,2))x
2y4 + tR2(x, y)
F3(x, y, t) = (x
2 − y3)2 − a3,2txy5 + a3,2tx3y2 + a4,1t2x4y + (1
4
a23,2 − a4,1)t2x2y4 + a3,3t3x3y3+
+ (a5,0 + (1− t3)(a3,3 − 1
2
a3,2a4,1))x
5 + tR3(x, y)
F4(x, y, t) = (x
2 − y3)2 − a3,2txy5 + a3,2tx3y2 + a4,1t2x4y + (1
4
a23,2 − a4,1)t2x2y4 + a3,3t3x3y3+
+ (
1
2
a3,2a4,1 − a3,3)x5 + (a4,2 − (1− t4)(1
4
a23,2a4,1 −
1
2
a3,2a3,3 +
1
4
a24,1))x
4y2+
+ t(a5,1x
5y + a6,0x
6)
F5(x, y, t) = ((x
2 − y3)2 − a3,2txy5 + a3,2tx3y2 + a4,1t2x4y + (1
4
a23,2 − a4,1)t2x2y4 + a3,3t3x3y3+
+ (
1
2
a3,2a4,1 − a3,3)x5 + (1
4
a23,2a4,1 −
1
2
a3,2a3,3 +
1
4
a24,1)x
4y2+
+ (a5,1 + (1− t5)(1
2
a4,1a3,3 − 1
4
a3,2a
2
4,1))x
5y + ta6,0x
6
F6(x, y, t) = ((x
2 − y3)2 − a3,2txy5 + a3,2tx3y2 + a4,1t2x4y + (1
4
a23,2 − a4,1)t2x2y4 + a3,3t3x3y3+
+ (
1
2
a3,2a4,1 − a3,3)x5 + (1
4
a23,2a4,1 −
1
2
a3,2a3,3 +
1
4
a24,1)x
4y2+
+ (−1
2
a4,1a3,3 +
1
4
a3,2a
2
4,1)x
5y +
(
a6,0 − 1
4
(1− t6)(a3,3 − 1
2
a3,2a4,1)
2
)
x6 ,
where each Ri(x, y) is the polynomial consisting of the remaining terms in Fi(x, y, 1).
Lemma 6.80. If the equalities from the previous lemma hold and in addition a6,0 =
1
4(a3,3 − 12a3,2a4,1)2 then f is Morse equivalent to (x2 − y3)2.
Proof. We can factorise f to give:
(x2 − y3 + 1
2
(a3,3 − 1
2
a3,2a4,1)x
3)2 .
The lemma follows from the deformation
F (x, y, t) = (x2 − y3 + 1
2
t(a3,3 − 1
2
a3,2a4,1)x
3)2 .
This also concludes the proof of proposition 6.72.
Proposition 6.81. If f(x, y) = x4 + a3,2x
3y2 + a2,4x
2y4 + a4,1x
4y+ a4,2x
4y2 + a5,0x
5 +
a5,1x
5y + a6,0x
6 with at least one of a2,4 and a3,2 non-zero, then f is Morse equivalent
to one of the following strata:
x4 + x3y2, x4 + x3y2 + x2y4, x4 + x2y4, 3x4 + 8x3y2 + 6x2y4, x2(x+ y2)2 or a stratum
of the form x2(x+ y2)2 + . . . , in theorem 6.1.
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Lemma 6.82. If a2,4 = 0 and a3,2 6= 0, (i.e. f(x, y) = x4 +a3,2x3y2 + 0x2y4 + . . . ) then
f is Morse equivalent to x4 + x3y2.
Proof. In this case f has one triple root and one single root with Lojasiewicz exponent
eight. Clearly the deformation F (x, y, t) = x4 + a3,2(t)x
3y2 + tR(x, y) is Morse stable
whenever a3,2(t) 6= 0.
Lemma 6.83. If the leading edge of f(x, y) is x4 + a3,2x
3y2 + a2,4x
2y4 where a2,4 6= 0,
a3,2 6= 0, 9a23,2 6= 32a2,4 and a23,2 6= 4a2,4 then f is Morse equivalent to x4 + x3y2 + x2y4.
Proof. From the assumptions that a2,4 6= 0 and a23,2 6= 4a2,4, f will have one double root
- x = 0 - and two single roots. From the assumption that 9a23,2 6= 32a2,4, f will have
three polars (including x = 0). Hence f will have x = 0 as one polar, and two other
polars which are distinct from the roots. It can easily be checked that these polars have
Lojasiewicz exponent 8. It can be verified that due to the assumption that a3,2 6= 0, the
two other polars will have different valuations
As this is true for all a2,4 and a3,2 which satisfy the above conditions, the existence
of a deformation is trivial.
Lemma 6.84. If the leading edge of f(x, y) is x4 +0x3y2 +a2,4x
2y4 where a2,4 6= 0 then
f is Morse equivalent to x4 + x2y4.
Proof. Similarly to the above lemma, f will have one double root - x = 0 - and two
single roots. f will also have three polars, with the other two being distinct from the
roots. Due to the condition that a3,2 = 0, the two other polars will have the same
valuation. The deformation
F (x, y, t) = x4 + a2,4(t)x
2y4 + tR(x, y)
is Morse stable if a2,4(t) 6= 0.
Lemma 6.85. If the leading edge of f(x, y) is x4 + a3,2x
3y2 + a2,4x
2y4 where a2,4 6= 0,
a3,2 6= 0 and 9a23,2 = 32a2,4 then f is Morse equivalent to 3x4 + 8x3y2 + 6x2y4.
Proof. In this case, f has only two polars, x = 0 and a second one with multiplicity two.
We may write
f = x4 + a3,2x
3y2 +
9
32
a23,2x
2y4
Clearly the deformation
F (x, y, t) = x4 + a3,2(t)x
3y2 +
9
32
a23,2(t)x
2y4 + tR(x, y)
is Morse stable whenever a3,2(t) 6= 0.
Now let f(x, y) = x2(x+y2)2+a3,3x
3y3+a4,1x
4y+a4,2x
4y2+a5,0x
5+a5,1x
5y+a6,0x
6.
We shall prove the following four lemmas together.
Lemma 6.86. If a3.3 6= a4,1 then f is Morse equivalent to x2(x+ y2)2 + x4y.
Lemma 6.87. If a3.3 = a4,1 and a5,0 6= a4,2 − 14a24,1 then f is Morse equivalent to
x2(x+ y2)2 + x5.
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Lemma 6.88. If a3,3 = a4,1, a5,0 = a4,2 − 14a24,1 and a5,1 6= 12a4,2a3,3 − 18a33,3 then f is
Morse equivalent to x2(x+ y2)2 + x5y.
Lemma 6.89. If a3.3 = a4,1, a5,0 = a4,2 − 14a24,1, a5,1 = 12a4,2a3,3 − 18a33,3 and
a6,0 6= 164a23,3(4a4,2 − a3,3)2 then f is Morse equivalent to x2(x+ y2)2 + x6.
Proof. Again, we will simply state the deformations:
F1(x, y, t) = x
2(x+ y2)2 + a3,3tx
3y3 + (a4,1 + (t− 1)a3,3)x4y + tR1(x, y)
F2(x, y, t) = x
2(x+ y2)2 + a4,1tx
3y3 + a4,1tx
4y + a4,2t
2x4y2+
+(a5,0 + (1− t2)(1
4
a24,1 − a4,2))x5 + tR2(x, y)
F3(x, y, t) = x
2(x+ y2)2 + a4,1tx
3y3 + a4,1tx
4y + a4,2t
2x4y2 + (a4,2 − 1
4
a24,1)t
2x5+
+(a5,1 + (1− t3)(1
8
a33,3 −
1
2
a4,2a3,3))x
5y + ta6,0x
6
F4(x, y, t) = x
2(x+ y2)2 + a4,1tx
3y3 + a4,1tx
4y + a4,2tx
4y2 + (a4,2 − 1
4
a24,1)t
2x5+
+(
1
8
a33,3)t
3x5y + (a6,0 +
1
64
(t4 − 1)a23,3(4a4,2 − a3,3)2)x6
Lemma 6.90. If a3.3 = a4,1, a5,0 = a4,2 − 14a24,1, a5,1 = 12a4,2a3,3 − 18a33,3 and
a6,0 =
1
4a
2
4,2 − 18a4,2a23,3 + 164a43,3 then f is Morse equivalent to x2(x+ y2)2.
Proof. In this case, f factorises to:
x2(x+ y2 + (
1
2
a3,3)xy + (
1
2
a4,2 − 1
8
a23,3)x
2)2 ,
so we may use the deformation
Fx,y,t = x
2(x+ y2 + t(
1
2
a3,3)xy + t(
1
2
a4,2 − 1
8
a23,3)x
2)2 .
This concludes the proof of proposition 6.81.
Hence using the above propositions along with lemma 6.71, the classification of the
quartic jets for which the quartic term has a single root is as given in theorem 6.1.
Now we will treat the case where the quartic term has one triple root.
Proposition 6.91. If the projection of f(x, y) to J4 is Morse equivalent to x3y then f
is Morse equivalent to one of the following strata:
x3y+ y5, x3y+ xy4, x3y+ y6, xy(3x2 + 3xy2 + y4), x3y+ xy5, x3y+ x2y3, x3y+ x2y4,
x3y, or a stratum of the form xy(x+ y2)2 + . . . , in theorem 6.1.
From lemma 3.7 and the classification of J5, any jet which projects to the strata
x3y+ y5 or x3y+ xy4 will be equivalent to the same respective strata in J6. So assume
f(x, y) = x3y +
∑
i,j ai,jx
iyj , where a0,5 = a1,4 = 0.
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Lemma 6.92. If a0,6 6= 0, f is Morse equivalent to x3y + y6.
Proof. From inspection of the Newton polygon of fx+cfy, the order of the leading term
of any non-linear polar will be at least two. However, the non-linear roots of f are
x = 3
√
a0,6y
5
3 . Hence there will be two truncated polars, one with Lojasiewicz exponent
four and one of multiplicity two with Lojasiewicz exponent six. As this holds for any
such f with a0,6 6= 0 the existence of a deformation is trivial.
Now assume a0,6 = 0. The leading edge of f will be x
3y + a2,3x
2y3 + a1,5xy
5.
Lemma 6.93. If a22,3 = 3a1,5 6= 0 then f is Morse equivalent to xy(3x2 + 3xy2 + y4).
Proof. Note that in this case f has only one truncated polar of multiplicity two. Write
f(x, y) = xy(x2 + a2,3xy
2 + 13a
2
2,3) +R(x, y). The deformation
F (x, y, t) = xy
(
x2 + a2,3(t)xy
2 +
1
3
(a2,3(t))
2
)
+ tR(x, y) ,
is Morse stable for a2,3(t) 6= 0. Equivalence with xy(3x2+3xy2+y4) follows from letting
a2,3(t) = 1.
Lemma 6.94. If a22,3 6= 3a1,5, a22,3 6= 4a1,5 and a1,5 6= 0 then f is Morse equivalent to
x3y + xy5.
Proof. In this case f has two truncated polars with Lojasiewicz exponent seven (plus
one with exponent four). We may write f(x, y) = xy(x− r1y2)(x− r2y2) +R(x, y). The
deformation
F (x, y, t) = xy(x− r1(t)y2)(x− r2(t)y2) + tR(x, y)
is Morse stable whenever r1(t) 6= 0, r2(t) 6= 0 and 4(r1(t))2 + 5r1(t)r2(t) + 4(r2(t))2 6= 0.
Clearly a deformation between f and x3y + xy5 can be constructed piecewise for any
initial r1 and r2.
Lemma 6.95. If a1,5 = 0 and a2,3 6= 0 then f is Morse equivalent to x3y + x2y3.
Proof. This follows from the deformation
F (x, y, t) = x3y + a2,3(t)x
2y3 + tR(x, y) ,
where a2,3(t) 6= 0.
Lemma 6.96. If a1,5 = a2,3 = 0 and a2,4 6= 0 then f is Morse equivalent to x3y+x2y4.
Proof. This follows from the deformation
F (x, y, t) = x3y + a2,4(t)x
2y4 + tR(x, y) ,
where a2,3(t) 6= 0.
Lemma 6.97. If a1,5 = a2,3 = a2,4 = 0 then f is Morse equivalent to x
3y.
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Proof. This follows from the deformation
F (x, y, t) = x3(y + t×H.O.T.) .
Now if a22,3 = 4a1,5, f = xy(x+
1
2a2,3y
2)2 +H.O.T. . By applying a linear change of
coordinates we may assume a2,3 = 1. So let f(x, y) = xy(x+y
2)2 +a2,4x
2y4 +a3,2x
3y2 +
a3,3x
3y3 + a4,1x
4y + a4,2x
4y2 + a5,0x
5 + a5,1x
5y + a6,0x
6
Lemma 6.98. If a2,4 6= a3,2 then f is Morse equivalent to xy(x+ y2)2 + x3y2.
Lemma 6.99. If a2,4 = a3,2 and a3,3 6= a4,1 + 14a23,2 then f is Morse equivalent to
xy(x+ y2)2 + x4y.
Lemma 6.100. If a2,4 = a3,2, a3,3 6= a4,1 + 14a23,2 and a5,0 6= a4,2 − 12a3,2a4,1 then f is
Morse equivalent to xy(x+ y2)2 + x5.
Lemma 6.101. If the following hold
a2,4 = a3,2
a3,3 = a4,1 +
1
4
a23,2
a5,0 = a4,2 − 1
2
a3,2a4,1
a5,1 6= 1
4
a24,1 +
1
2
a3,2a4,2 − 1
4
a4,1a
2
3,2
then f is Morse equivalent to xy(x+ y2)2 + x5y.
Lemma 6.102. If the following hold
a2,4 = a3,2
a3,3 = a4,1 +
1
4
a23,2
a5,0 = a4,2 − 1
2
a3,2a4,1
a5,1 =
1
4
a24,1 +
1
2
a3,2a4,2 − 1
4
a4,1a
2
3,2
a6,0 6= 1
2
a4,1a4,2 − 1
4
a3,2a
2
4,1
then f is Morse equivalent to xy(x+ y2)2 + x6.
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Lemma 6.103. If the following hold
a2,4 = a3,2
a3,3 = a4,1 +
1
4
a23,2
a5,0 = a4,2 − 1
2
a3,2a4,1
a5,1 =
1
4
a24,1 +
1
2
a3,2a4,2 − 1
4
a4,1a
2
3,2
a6,0 =
1
2
a4,1a4,2 − 1
4
a3,2a
2
4,1
a4,2 6= 1
2
a3,2a4,1
then f is Morse equivalent to xy(x+ y2)2 + x4y2 + x5.
Proof. Necessity follows from the Lojasiewicz exponents of the polars in each of the
strata. Due to the tree of each of these jets having only one polar on each branch,
the other conditions for Morse stability are trivially true. Hence it remains to find a
deformation for each stratum.
The following table of deformations, in conjunction with some obvious linear coor-
dinate changes and the transitive property of equivalence relations completes the proof:
F1(x, y, t) = xy(x+ y
2)2 + ta2,4x
2y4 + (a3,2 − (1− t)a2,4)x3y2 + tR1(x, y)
F2(x, y, t) = xy(x+ y
2)2 + ta3,2(x
2y4 + x3y2) + t2a4,1x
4y+(
a3,3 − (1− t2)(a4,1 + 1
4
a23,2)
)
x3y3 + tR2(x, y)
F3(x, y, t) = xy(x+ y
2)2 + ta3,2(x
2y4 + x3y2) + t2a4,1x
4y + t2(a4,1 +
1
4
a23,2)x
3y3+
t3a4,2x
4y2 +
(
a5,0 − (1− t3)(a4,2 − 1
2
a3,2a4,1)
)
x5 + tR3(x, y)
F4(x, y, t) = xy(x+ y
2)2 + ta3,2(x
2y4 + x3y2) + t2a4,1x
4y + t2(a4,1 +
1
4
a23,2)x
3y3+
t3a4,2x
4y2 + t3(a4,2 − 1
2
a3,2a4,1)x
5+(
a5,1 − (1− t4)(1
4
a24,1 +
1
2
a3,2a4,2 − 1
4
a4,1a
2
3,2)
)
x5y + ta6,0x
6
F5(x, y, t) = xy(x+ y
2)2 + ta3,2(x
2y4 + x3y2) + t2a4,1x
4y + t2(a4,1 +
1
4
a23,2)x
3y3+
t3a4,2x
4y2 + t3(a4,2 − 1
2
a3,2a4,1)x
5+
t4
(1
4
a24,1 +
1
2
a3,2a4,2 − 1
4
a4,1a
2
3,2
)
x5y+(
(a6,0 − (1− t5)(1
2
a4,1a4,2 − 1
4
a3,2a
2
4,1)
)
x6
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F6(x, y, t) = xy(x+ y
2)2 + ta3,2(x
2y4 + x3y2) + t2a4,1x
4y + t2(a4,1 +
1
4
a23,2)x
3y3+(
a4,2 − 1
2
(1− t3)a3,2a4,1
)
x4y2 + (a4,2 − 1
2
a3,2a4,1)x
5+
t
(1
4
t3a24,1 +
1
2
a3,2a4,2 − 1
4
a4,1a
2
3,2
)
x5y+
t2(
1
2
a4,1a4,2 − 1
4
a3,2a
2
4,1)x
6
Lemma 6.104. If the following hold
a2,4 = a3,2
a3,3 = a4,1 +
1
4
a23,2
a5,0 = a4,2 − 1
2
a3,2a4,1
a5,1 =
1
4
a24,1 +
1
2
a3,2a4,2 − 1
4
a4,1a
2
3,2
a6,0 =
1
2
a4,1a4,2 − 1
4
a3,2a
2
4,1
a4,2 =
1
2
a3,2a4,1
then f is Morse equivalent to xy(x+ y2)2.
Proof. In this case f = xy(x+ y2 + 12a3,2xy+
1
2a4,1x
2)2, so we may use the deformation
F (x, y, t) = xy(x+ y2 +
1
2
a3,2txy +
1
2
a4,1tx
2)2
This concludes the proof of proposition 6.91.
Next is the case where the quartic term of f has two double roots.
Proposition 6.105. The classification of jets for which the projection to J4 is Morse
equivalent to x2y2 is given in theorem 6.1.
By applying a linear change of coordinates if necessary we may assume f = x2y2 +
H.O.T. . The truncated generic polars of f will be γx(y) = −12(ca0,5 +a1,4)y2 +H.O.T. ,
γy(x) = −12(ca5,0 + a4,1)x2 + H.O.T. , and γ3(x) = −cy. In all cases the Lojasiewicz
exponent of γ3 will be 4.
Now consider the tree model of f , from [6] on each bar, the total number of polars
on that bar counting multiplicity is one less than the number of roots on the bar also
counting multiplicity. So the diagram for the case when f has no multiple roots is
given in figure 6.3. In this case as there is only one polar on each bar, if we can find a
deformation which preserves the tree of f it will trivially be Morse stable.
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41
2
2
L(γx)
L(γy)
Figure 6.3: Tree diagram of f(x, y) = x2y2 +H.O.T. , where f has no multiple roots.
If γx or γy is a multiple root of f , the valuation function at the multiple root will be
zero. However, the valuation function at γ3 must be non-zero. Hence in these cases we
will only need to find a deformation which preserves the tree of f . Similarly, if both γx
and γy are multiple roots of f , they will both have valuation zero, while γ3 has non-zero
valuation. Also, γx and γy are necessarily distinct. Hence we again only need to find a
deformation which preserves the tree of f . So for all cases of f(x, y) = x2y2 +H.O.T. ,
we only need to find a deformation which preserves the tree of f .
Now if a0,5 6= 0 then the valuation valf (γx) = a0,5y5. Similarly, if a5,0 6= 0 then
valf (γy) = a5,0x
5. If a0,5 = 0 and a
2
1,4 6= 4a0,6 then the Lojasiewicz exponent of f(γx) is
6.
If a0,5 = a1,4 = a0,6 = 0 and a1,5 6= 0, the truncated generic polar γx is x = −12a1,5y3.
This has Lojasiewicz exponent 8 and valuation 14a
2
1,5y
8. Similarly, if a5,0 = a4,1 = a6,0 =
0 and a5,1 6= 0 the truncated generic polar γy is y = −12a5,1x3 with valuation 14a25,1x8.
If a0,5 = a1,4 = a0,6 = a1,5 = 0, the truncated generic polar γx is x = 0, and γx is
a multiple root of f . Similarly, if a5,0 = a4,1 = a6,0 = a5,1 = 0, the truncated generic
polar γy is y = 0, and γy is a multiple root of f .
From these we may now state our first lemma for this part of the classification.
Lemma 6.106. Let f(x, y) = x2y2 + H.O.T. , with γx and γy as above. Assume the
Lojasiewicz exponent of γx is less than or equal to the Lojasiewicz exponent of γy
(
Note
that if this is not the case we may simply apply the coordinate change (x, y)→ (y, x) ).
Then we have the following:
Strata Containing Condition Loj. Exp.
x2y2 + (x+ y)5 a0,5 6= 0 and a5,0 6= 0 (4, 5, 5)
x2y2 + x(x+ y)4 a0,5 6= 0, a5,0 = 0 and a24,1 6= 4a6,0 (4, 5, 6)
x2y2 + y5 + x5y a0,5 6= 0, a5,0 = a4,1 = a6,0 = 0 and a1,5 6= 0 (4, 5, 8)
x2y2 + x5 a0,5 6= 0, a5,0 = a4,1 = a6,0 = a5,1 = 0 (4, 5,∞)
x2y2 + (x+ y)6 a0,5 = a5,0 = 0, a
2
1,4 6= 4a0,6 and a24,1 6= 4a6,0 (4, 6, 6)
x2y2 + x(x+ y)5 a0,5 = a5,0 = a4,1 = a6,0 = 0, a
2
1,4 6= 4a0,6 and a5,1 6= 0 (4, 6, 8)
x2y2 + x4y a0,5 = a5,0 = a4,1 = a6,0 = a5,1 = 0 and a
2
1,4 6= 4a0,6 (4, 6,∞)
x2y2 + xy(x+ y)4 a0,5 = a1,4 = a0,6 = a5,0 = a4,1 = a6,0 = 0, a1,5 6= 0 and a5,1 6= 0 (4, 8, 8)
x2y2 + xy5 a0,5 = a1,4 = a0,6 = a5,0 = a4,1 = a6,0 = a5,1 = 0 and a1,5 6= 0 (4, 8,∞)
x2y2 a0,5 = a1,4 = a0,6 = a1,5 = a5,0 = a4,1 = a6,0 = a5,1 = 0 (4,∞,∞)
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.Note that we have not classified the strata where a21,4 = 4a0,6 and a1,4 6= 0, or where
a24,1 = 4a6,0 and a4,1 6= 0. These will be classified in following lemmas
Proof. Necessity follows from the Lojasiewicz exponents of the polars in each of the
strata. Due to the tree of each of these jets having only one polar on each branch,
the other conditions for Morse stability are trivially true. Hence it remains to find a
deformation for each stratum.
The following table of deformations, in conjunction with some obvious linear coor-
dinate changes and the transitive property of equivalence relations completes the proof:
F1(x, y, t) = x
2y2 + a0,5y
5 + a5,0x
5 + tR1(x, y)
F2(x, y, t) = x
2y2 + ta4,1x
4y + (a6,0 − 1
4
(1− t2)a4,1)x6 + tR2(x, y)
F3(x, y, t) = x
2y2 + a0,5y
5 + a5,1x
5y + tR3(x, y)
F4(x, y, t) = x
2y2 + a5,0x
5 + tR4(x, y, t)
F5(x, y, t) = x
2y2 + ta4,1x
4y + (a6,0 − 1
4
(1− t2)a4,1)x6 + ta1,4xy4+
(a0,6 − 1
4
(1− t2)a1,4)y6 + tR5(x, y, t)
F6(x, y, t) = x
2y2 + ta1,4xy
4 + (a0,6 − 1
4
(1− t2)a1,4)y6 + a1,5x5y + tR6(x, y, t)
F7(x, y, t) = x
2y2 + ta1,4xy
4 + (a0,6 − 1
4
(1− t2)a1,4)y6 + tR7(x, y, t)
F8(x, y, t) = x
2y2 + a1,5xy
5 + a5,1x
5y + tR8(x, y, t)
F9(x, y, t) = x
2y2 + a1,5xy
5 + tR9(x, y, t)
F10(x, y, t) = x
2y2 + tR10(x, y, t)
Now assume a0,5 = 0, a
2
1,4 = 4a0,6 and a1,4 6= 0. We may apply a coordinate change
to give a0,6 = 1, so f(x, y) = y
2(x + y2)2 + R(x, y). First assume a5,0 6= 0, the three
truncated polars will be x = cy with Lojasiewicz exponent 4, y = 0 with Lojasiewicz
exponent 5 and x = −y2 +H.O.T. , with a Lojasiewicz exponent to be determined.
Lemma 6.107. If a1,5 6= a2,3 f is Morse equivalent to y2(x+ y2)2 + x5 + xy5.
Lemma 6.108. If a1,5 = a2,3 and a3,2 6= a2,4 − 14a22,3 then f is Morse equivalent to
y2(x+ y2)2 + x5 + x2y4.
Lemma 6.109. If
a1,5 = a2,3
a3,2 = a2,4 − 1
4
a22,3
a3,3 6= a4,1 + 1
2
a2,3a2,4 − 1
8
a32,3
then f is Morse equivalent to y2(x+ y2)2 + x5 + x3y3.
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Lemma 6.110. If
a1,5 = a2,3
a3,2 = a2,4 − 1
4
a22,3
a3,3 = a4,1 +
1
2
a2,3a2,4 − 1
8
a32,3
a4,2 6= a5,0 + 1
4
a22,4 +
1
2
a2,3a4,1 − 1
8
a22,3a2,4 +
1
64
a42,3
then f is Morse equivalent to y2(x+ y2)2 + x5.
Lemma 6.111. If
a1,5 = a2,3
a3,2 = a2,4 − 1
4
a22,3
a3,3 = a4,1 +
1
2
a2,3a2,4 − 1
8
a32,3
a4,2 = a5,0 +
1
4
a22,4 +
1
2
a2,3a4,1 − 1
8
a22,3a2,4 +
1
64
a42,3
a5,1 6= 1
2
a2,3a5,0 − 1
8
a22,3a4,1 +
1
4
a2,4a4,1
then f is Morse equivalent to y2(x+ y2)2 + x5 + x4y2 + x5y.
Lemma 6.112. If
a1,5 = a2,3
a3,2 = a2,4 − 1
4
a22,3
a3,3 = a4,1 +
1
2
a2,3a2,4 − 1
8
a32,3
a4,2 = a5,0 +
1
4
a22,4 +
1
2
a2,3a4,1 − 1
8
a22,3a2,4 +
1
64
a42,3
a5,1 =
1
2
a2,3a5,0 − 1
8
a22,3a4,1 +
1
4
a2,4a4,1
a6,0 6= 1
4
a24,1 +
1
2
a2,4a5,0 − 1
8
a22,3a5,0
then f is Morse equivalent to y2(x+ y2)2 + x5 + x4y2 + x6.
Proof. Necessity follows from the Lojasiewicz exponents of the polars in each of the
strata. Due to the tree of each of these jets having only one polar on each branch,
the other conditions for Morse stability are trivially true. Hence it remains to find a
deformation for each stratum.
The following table of deformations, in conjunction with some obvious linear coor-
dinate changes and the transitive property of equivalence relations completes the proof:
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F1(x, y, t) = y
2(x+ y2)2 + a5,0x
5 + ta2,3x
2y3 + (a1,5 − (1− t)a2,3)xy5 + tR1(x, y)
F2(x, y, t) = y
2(x+ y2)2 + a5,0x
5 + ta2,3x
2y3 + ta2,3xy
5 + t2a2,4x
2y4+
(a3,2 − (1− t2)(a2,4 − 1
4
a22,3)x
3y2 + tR2(x, y)
F3(x, y, t) = y
2(x+ y2)2 + a5,0x
5 + ta2,3x
2y3 + ta2,3xy
5 + t2a2,4x
2y4 + t2(a2,4 − 1
4
a22,3)x
3y2+
t3a4,1x
4y +
(
a3,3 − (1− t3)(a4,1 + 1
2
a2,3a2,4 − 1
8
a32,3)
)
x3y3 + tR3(x, y)
F4(x, y, t) = y
2(x+ y2)2 + a5,0x
5 + ta2,3x
2y3 + ta2,3xy
5 + t2a2,4x
2y4 + t2(a2,4 − 1
4
a22,3)x
3y2+
t3a4,1x
4y + (a4,1 +
1
2
a2,3a2,4 − 1
8
a32,3)t
3x3y3+(
a4,2 − (1− t4)(1
4
a22,4 +
1
2
a2,3a4,1 − 1
8
a22,3a2,4 +
1
64
a42,3)
)
x4y2 + t(a5,1x
5y + a6,0x
6)
F5(x, y, t) = y
2(x+ y2)2 + a5,0x
5 + ta2,3x
2y3 + ta2,3xy
5 + t2a2,4x
2y4 + t2(a2,4 − 1
4
a22,3)x
3y2+
t3a4,1x
4y + (a4,1 +
1
2
a2,3a2,4 − 1
8
a32,3)t
3x3y3+(
a5,0 + t
4(
1
4
a22,4 +
1
2
a2,3a4,1 − 1
8
a22,3a2,4 +
1
64
a42,3)
)
x4y2+(
a5,1 − (1− t)1
2
a2,3a5,0 − (1− t5)(1
4
a2,4a4,1 − 1
8
a22,3a4,1)
)
x5y + ta6,0x
6
F6(x, y, t) = y
2(x+ y2)2 + a5,0x
5 + ta2,3x
2y3 + ta2,3xy
5 + t2a2,4x
2y4 + t2(a2,4 − 1
4
a22,3)x
3y2+
t3a4,1x
4y + (a4,1 +
1
2
a2,3a2,4 − 1
8
a32,3)t
3x3y3+(
a5,0 + t
4(
1
4
a22,4 +
1
2
a2,3a4,1 − 1
8
a22,3a2,4 +
1
64
a42,3)
)
x4y2+(1
2
ta2,3a5,0 + t
5(
1
4
a2,4a4,1 − 1
8
a22,3a4,1)
)
x5y+(
a6,0 − (1− t2)(1
2
a2,4a5,0 − 1
8
a22,3a5,0)−
1
4
(1− t6)a24,1
)
x6
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Lemma 6.113. If
a1,5 = a2,3
a3,2 = a2,4 − 1
4
a22,3
a3,3 = a4,1 +
1
2
a2,3a2,4 − 1
8
a32,3
a4,2 = a5,0 +
1
4
a22,4 +
1
2
a2,3a4,1 − 1
8
a22,3a2,4 +
1
64
a42,3
a5,1 =
1
2
a2,3a5,0 − 1
8
a22,3a4,1 +
1
4
a2,4a4,1
a6,0 =
1
4
a24,1 +
1
2
a2,4a5,0 − 1
8
a22,3a5,0
a4,1 6= 0
then f is Morse equivalent to y2(x+ y2)2 + x5 + 2x3y3 + x4y + x4y2 + x6.
Proof. Let F (x, y, t) be the deformation below, subject to the condition that a4,1 6= 0.
F (x, y, t) = y2(x+ y2)2 + a5,0x
5 + ta2,3x
2y3 + ta2,3xy
5 + t2a2,4x
2y4 + t2(a2,4 − 1
4
a22,3)x
3y2+
t3a4,1x
4y + (a4,1 +
1
2
a2,3a2,4 − 1
8
a32,3)t
3x3y3+(
a5,0 + t
4(
1
4
a22,4 +
1
2
a2,3a4,1 − 1
8
a22,3a2,4 +
1
64
a42,3)
)
x4y2+(1
2
ta2,3a5,0 + t
5(
1
4
a2,4a4,1 − 1
8
a22,3a4,1)
)
x5y+(
t2(
1
2
a2,4a5,0 − 1
8
a22,3a5,0) +
1
4
t6a24,1
)
x6
It can be checked that F is Morse stable.
Lemma 6.114. If
a1,5 = a2,3
a3,2 = a2,4 − 1
4
a22,3
a3,3 = a4,1 +
1
2
a2,3a2,4 − 1
8
a32,3
a4,2 = a5,0 +
1
4
a22,4 +
1
2
a2,3a4,1 − 1
8
a22,3a2,4 +
1
64
a42,3
a5,1 =
1
2
a2,3a5,0 − 1
8
a22,3a4,1 +
1
4
a2,4a4,1
a6,0 =
1
4
a24,1 +
1
2
a2,4a5,0 − 1
8
a22,3a5,0
a4,1 = 0
then f is Morse equivalent to y2(x+ y2)2 + x5 + x4y2.
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Proof. This follows from the deformation
F (x, y, t) = y2(x+ y2)2 + a5,0x
5 + ta2,3x
2y3 + ta2,3xy
5 + t2a2,4x
2y4 + t2(a2,4 − 1
4
a22,3)x
3y2+
(
1
2
a2,3a2,4 − 1
8
a32,3)t
3x3y3 +
(
t2(
1
2
a2,4a5,0 − 1
8
a22,3a5,0)
)
x6+(
a5,0 + t
4(
1
4
a22,4 −
1
8
a22,3a2,4 +
1
64
a42,3)
)
x4y2 +
1
2
ta2,3a5,0x
5y
Note that as we assumed a5,0 6= 0 and the valuation of f(γy, y) is −14a25,0y14, there
are no other possible strata of this form in J6.
Now assume f(x, y) = y2(x + y2)2 + R(x, y), with a5,0 = 0 and a
2
4,1 6= 4a6,0. In
this case there will be a truncated polar y = −12a4,1x2 with Lojasiewicz exponent 6,
along with the truncated polars x = cy and x = −y2 +H.O.T. . We have the following
lemmas:
Lemma 6.115. If a1,5 6= a2,3, then f is Morse equivalent to y2(x+ y2)2 + x6 + xy5.
Lemma 6.116. If a1,5 = a2,3 and a3,2 6= a2,4 − 14a22,3, then f is Morse equivalent to
y2(x+ y2)2 + x6 + x2y4.
Lemma 6.117. If a1,5 = a2,3, a3,2 = a2,4 − 14a22,3, and a3,3 6= a4,1 + 12a2,3a2,4 − 18a32,3,
then f is Morse equivalent to y2(x+ y2)2 + x6 + x3y3.
Lemma 6.118. If:
a1,5 = a2,3
a3,2 = a2,4 − 1
4
a22,3
a3,3 = a4,1 +
1
2
a2,3a2,4 − 1
8
a32,3
a4,2 6= 1
4
a22,4 +
1
2
a2,3a4,1 − 1
8
a22,3a2,4 +
1
64
a42,3
then f is Morse equivalent to y2(x+ y2)2 + x6 + x4y2.
Lemma 6.119. If:
a1,5 = a2,3
a3,2 = a2,4 − 1
4
a22,3
a3,3 = a4,1 +
1
2
a2,3a2,4 − 1
8
a32,3
a4,2 =
1
4
a22,4 +
1
2
a2,3a4,1 − 1
8
a22,3a2,4 +
1
64
a42,3
a5,1 6= 1
2
a2,4a4,1 − 1
8
a22,3a4,1
then f is Morse equivalent to y2(x+ y2)2 + x6 + x5y.
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Proof. Necessity follows from the Lojasiewicz exponents of the polars in each of the
strata. Due to the tree of each of these jets having only one polar on each branch,
the other conditions for Morse stability are trivially true. Hence it remains to find a
deformation for each stratum.
The following table of deformations, in conjunction with some obvious linear coor-
dinate changes and the transitive property of equivalence relations completes the proof:
F1(x, y, t) = y
2(x+ y2)2 + a4,1x
4y + a6,0x
6 + ta2,3x
2y3 + (a1,5 − (1− t)a2,3)xy5 + tR1(x, y)
F2(x, y, t) = y
2(x+ y2)2 + a4,1x
4y + a6,0x
6 + ta2,3x
2y3 + ta2,3xy
5 + t2a2,4x
2y4+
(a3,2 − (1− t2)(a2,4 − 1
4
a22,3)x
3y2 + tR2(x, y)
F3(x, y, t) = y
2(x+ y2)2 + a4,1x
4y + a6,0x
6 + ta2,3x
2y3 + ta2,3xy
5 + t2a2,4x
2y4+
t2(a2,4 − 1
4
a22,3)x
3y2 +
(
a3,3 − (1− t3)(1
2
a2,3a2,4 − 1
8
a32,3)
)
x3y3 + tR3(x, y)
F4(x, y, t) = y
2(x+ y2)2 + a4,1x
4y + a6,0x
6 + ta2,3x
2y3 + ta2,3xy
5 + t2a2,4x
2y4+
t2(a2,4 − 1
4
a22,3)x
3y2 +
(
a4,1 + t
3(
1
2
a2,3a2,4 − 1
8
a32,3)
)
x3y3+(
a4,2 − 1
2
(1− t)a2,3a4,1 − (1− t4)(1
4
a22,4 −
1
8
a22,3a2,4 +
1
64
a42,3)
)
x4y2 + ta5,1x
5y
F5(x, y, t) = y
2(x+ y2)2 + a4,1x
4y + a6,0x
6 + ta2,3x
2y3 + ta2,3xy
5 + t2a2,4x
2y4+
t2(a2,4 − 1
4
a22,3)x
3y2 +
(
a4,1 + t
3(
1
2
a2,3a2,4 − 1
8
a32,3)
)
x3y3+(1
2
ta2,3a4,1 + t
4(
1
4
a22,4 −
1
8
a22,3a2,4 +
1
64
a42,3)
)
x4y2+
(a5,1 − (1− t2)(1
2
a2,4a4,1 − 1
8
a22,3a4,1)x
5y .
Lemma 6.120. If:
a1,5 = a2,3
a3,2 = a2,4 − 1
4
a22,3
a3,3 = a4,1 +
1
2
a2,3a2,4 − 1
8
a32,3
a4,2 =
1
4
a22,4 +
1
2
a2,3a4,1 − 1
8
a22,3a2,4 +
1
64
a42,3
a5,1 =
1
2
a2,4a4,1 − 1
8
a22,3a4,1
a6,0 6= 1
4
a24,1
then f is Morse equivalent to y2(x+ y2)2 + x6.
Proof. This follows from the deformation
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F (x, y, t) = y2(x+ y2)2 + a4,1x
4y + a6,0x
6 + ta2,3x
2y3 + ta2,3xy
5 + t2a2,4x
2y4+
t2(a2,4 − 1
4
a22,3)x
3y2 +
(
a4,1 + t
3(
1
2
a2,3a2,4 − 1
8
a32,3)
)
x3y3+(1
2
ta2,3a4,1 + t
4(
1
4
a22,4 −
1
8
a22,3a2,4 +
1
64
a42,3)
)
x4y2+
t2(
1
2
a2,4a4,1 − 1
8
a22,3a4,1)x
5y
Note that as we assumed a24,1 6= 4a6,0 and the valuation of f(γy, y) is (a6,0− 14a24,1)y12,
there are no other possible strata of this form in J6.
Next assume f(x, y) = y2(x+y2)2+R(x, y), with a5,0 = a4,1 = a6,0 = 0 and a5,1 6= 0.
In this case there will be a truncated polar y = −12a5,1x3 with Lojasiewicz exponent 8,
along with the truncated polars x = cy and x = −y2 +H.O.T. . We have the following
lemmas:
Lemma 6.121. If a1,5 6= a2,3 then f is Morse equivalent to y2(x+ y2)2 + x5y + x2y3.
Lemma 6.122. If a1,5 = a2,3 and a3,2 6= a2,4 − 14a22,3 then f is Morse equivalent to
y2(x+ y2)2 + x5y + x3y2.
Lemma 6.123. If a1,5 = a2,3, a3,2 = a2,4− 14a22,3, and a3,3 6= 12a2,3a2,4− 18a32,3 then f is
Morse equivalent to y2(x+ y2)2 + x5y + x3y3.
Lemma 6.124. If
a1,5 = a2,3
a3,2 = a2,4 − 1
4
a22,3
a3,3 =
1
2
a2,3a2,4 − 1
8
a32,3
a4,2 6= 1
4
a22,4 −
1
8
a22,3a2,4 +
1
64
a42,3
then f is Morse equivalent to y2(x+ y2)2 + x5y + x4y2
Proof. Necessity follows from the Lojasiewicz exponents of the polars in each of the
strata. Due to the tree of each of these jets having only one polar on each branch,
the other conditions for Morse stability are trivially true. Hence it remains to find a
deformation for each stratum.
The following table of deformations, in conjunction with some obvious linear coor-
dinate changes and the transitive property of equivalence relations completes the proof:
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F1(x, y, t) = y
2(x+ y2)2 + a5,1x
5y + ta2,3x
2y3 + (a1,5 − (1− t)a2,3)xy5 + tR1(x, y)
F2(x, y, t) = y
2(x+ y2)2 + a5,1x
5y + ta2,3x
2y3 + ta2,3xy
5 + t2a2,4x
2y4+
(a3,2 − (1− t2)(a2,4 − 1
4
a22,3)x
3y2 + tR2(x, y)
F3(x, y, t) = y
2(x+ y2)2 + a5,1x
5y + ta2,3x
2y3 + ta2,3xy
5 + t2a2,4x
2y4 + t2(a2,4 − 1
4
a22,3)x
3y2+(
a3,3 − (1− t3)(1
2
a2,3a2,4 − 1
8
a32,3)
)
x3y3 + ta4,2x
4y2
F4(x, y, t) = y
2(x+ y2)2 + a5,1x
5y + ta2,3x
2y3 + ta2,3xy
5 + t2a2,4x
2y4 + t2(a2,4 − 1
4
a22,3)x
3y2+(1
2
a2,3a2,4 − 1
8
a32,3
)
t3x3y3 +
(
a4,2 − (1− t4)(1
4
a22,4 −
1
8
a22,3a2,4 +
1
64
a42,3)
)
x4y2
Lemma 6.125. If
a1,5 = a2,3
a3,2 = a2,4 − 1
4
a22,3
a3,3 =
1
2
a2,3a2,4 − 1
8
a32,3
a4,2 =
1
4
a22,4 −
1
8
a22,3a2,4 +
1
64
a42,3
a5,1 6= 0
then f is Morse equivalent to y2(x+ y2)2 + x5y
Proof.
F (x, y, t) = y2(x+ y2)2 + a5,1x
5y + ta2,3x
2y3 + ta2,3xy
5 + t2a2,4x
2y4 + t2(a2,4 − 1
4
a22,3)x
3y2+(1
2
a2,3a2,4 − 1
8
a32,3
)
t3x3y3 + t4(
1
4
a22,4 −
1
8
a22,3a2,4 +
1
64
a42,3)x
4y2
Note that as we assumed a5,1 6= 0 and the valuation of f(γy, y) is −a5,1y11, there are
no other possible strata of this form in J6.
Now assume f(x, y) = y2(x+ y2)2 +R(x, y), with a5,0 = 0, a
2
4,1 = 4a6,0 and a4,1 6= 0.
In this case, f can also be written f = x2(x + 12a4,1y
2)2 + 2xy4 + y6 + . . . . There
will be three truncated polars, x = cy, x = γx(y) = −y2 + H.O.T. , and y = γy(x) =
−12a4,1x2 +H.O.T. If a5,1 6= a3,2, the Lojasiewicz exponent of γy will be equal to 7. In
this case we have the following lemmas:
Lemma 6.126. If a5,1 6= 12a4,1a3,2 and a1,5 6= a2,3 then f is Morse equivalent to y2(x+
y2)2 + 2x4y + x6 + xy5 + x5y.
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Proof. We shall use multiple deformations for this proof. First
F (x, y, t) = y2(x+ y2)2 + a4,1x
4y +
1
4
a24,1x
6 + ta3,2x
3y2 + ta2,3x
2y3+
(a1,5 − (1− t)a2,3)xy5 + (a5,1 − 1
2
(1− t)a4,1a3,2)x5y + tR(x, y) ,
to show that f is Morse equivalent to
g(x, y) = y2(x+ y2)2 + a4,1x
4y +
1
4
a24,1x
6 + (a1,5 − a2,3)xy5 + (a5,1 − 1
2
a4,1a3,2)x
5y .
Next, we can define the deformation
G(x, y, t) = y2(x+ y2)2 + a4,1(t)x
4y +
1
4
a24,1(t)x
6 + a1,5(t)xy
5 + a5,1(t)x
5y ,
where a4,1(t), a5,1(t) and a1,5(t) are all analytic such that G(x, y, 0) = g(x, y). This is
Morse stable whenever a4,1(t) 6= 0, a5,1(t) 6= 0 and a1,5(t) 6= 0, so we can choose these
to get that g is Morse equivalent to y2(x+ y2)2 + 2x4y + x6 + xy5 + x5y.
Lemma 6.127. If a5,1 6= 12a4,1a3,2, a1,5 = a2,3, and a2,4 6= a3,2 − 14a22,3 then f is Morse
equivalent to y2(x+ y2)2 + 2x4y + x6 + x5y + x2y4.
Proof. Using the deformation
F (x, y, t) = y2(x+ y2)2 + a4,1x
4y +
1
4
a24,1x
6 + t2a3,2x
3y2 + ta2,3x
2y3 + ta2,3xy
5+(
a2,4 − (1− t2)(a3,2 + 1
4
a22,3)
)
x2y4 + (a5,1 − 1
2
(1− t2)a4,1a3,2)x5y + tR(x, y) ,
f is Morse equivalent to
g(x, y) = y2(x+y2)2+a4,1x
4y+
1
4
a24,1x
6+
(
a2,4−a3,2+ 1
4
a22,3
)
x2y4+(a5,1− 1
2
a4,1a3,2)x
5y ,
which is Morse equivalent to y2(x+ y2)2 + 2x4y + x6 + x5y + x2y4.
Lemma 6.128. If
a5,1 6= 1
2
a4,1a3,2
a1,5 = a2,3
a2,4 = a3,2 +
1
4
a22,3
a3,3 6= a4,1 + 1
2
a3,2a2,3
then f is Morse equivalent to y2(x+ y2)2 + 2x4y + x6 + x5y.
94
Proof. Using the deformation
F (x, y, t) = y2(x+ y2)2 + a4,1x
4y +
1
4
a24,1x
6 + t2a3,2x
3y2 + ta2,3x
2y3 + ta2,3xy
5+
t2(a3,2 +
1
4
a22,3)x
2y4 +
(
a3,3 − 1
2
(1− t3)a3,2a2,3)
)
x3y3+
(a5,1 − 1
2
(1− t2)a4,1a3,2)x5y + ta4,2x4y2 ,
f is Morse equivalent to
g(x, y) = y2(x+y2)2+a4,1x
4y+
1
4
a24,1x
6+
(
a3,3− 1
2
a3,2a2,3)
)
x3y3+(a5,1− 1
2
a4,1a3,2)x
5y ,
which is Morse equivalent to y2(x+ y2)2 + 2x4y + x6 + x5y.
Lemma 6.129. If
a5,1 6= 1
2
a4,1a3,2
a1,5 = a2,3
a2,4 = a3,2 +
1
4
a22,3
a3,3 = a4,1 +
1
2
a3,2a2,3
a4,2 6= 1
4
a23,2 +
1
2
a2,3a4,1
then f is Morse equivalent to y2(x+ y2)2 + 2x4y + x6 + x5y + 2x3y3 + x4y2.
Proof. Using the deformation
F (x, y, t) = y2(x+ y2)2 + a4,1x
4y +
1
4
a24,1x
6 + t2a3,2x
3y2 + ta2,3x
2y3 + ta2,3xy
5+
t2(a3,2 +
1
4
a22,3)x
2y4 +
(
a4,1 +
1
2
t3a3,2a2,3)
)
x3y3+
(a5,1 − 1
2
(1− t2)a4,1a3,2)x5y +
(
a4,2 − 1
2
(1− t)a2,3a4,1 − 1
4
(1− t4)a23,2
)
x4y2 ,
f is Morse equivalent to
g(x, y) = y2(x+ y2)2 + a4,1x
4y +
1
4
a24,1x
6+
a4,1x
3y3 +
(
a4,2 − 1
2
a2,3a4,1 − 1
4
a23,2
)
x4y2 + (a5,1 − 1
2
a4,1a3,2)x
5y ,
which is Morse equivalent to y2(x+ y2)2 + 2x4y + 2x3y3 + x6 + x5y + x4y2.
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Lemma 6.130. If
a5,1 6= 1
2
a4,1a3,2
a1,5 = a2,3
a2,4 = a3,2 +
1
4
a22,3
a3,3 = a4,1 +
1
2
a3,2a2,3
a4,2 =
1
4
a23,2 +
1
2
a2,3a4,1
then f is Morse equivalent to y2(x+ y2)2 + 2x4y + x6 + 2x3y3 + x5y.
Proof. Using the deformation
F (x, y, t) = y2(x+ y2)2 + a4,1x
4y +
1
4
a24,1x
6 + t2a3,2x
3y2 + ta2,3x
2y3 + ta2,3xy
5+
t2(a3,2 +
1
4
a22,3)x
2y4 +
(
a4,1 + t
3 1
2
a3,2a2,3)
)
x3y3+
(a5,1 − 1
2
(1− t2)a4,1a3,2)x5y +
(1
2
ta2,3a4,1 +
1
4
t4a23,2
)
x4y2 ,
f is Morse equivalent to
g(x, y) = y2(x+ y2)2 + a4,1x
4y +
1
4
a24,1x
6 + a4,1x
3y3 + (a5,1 − 1
2
a4,1a3,2)x
5y ,
which is Morse equivalent to y2(x+ y2)2 + 2x4y + x6 + 2x3y3 + x5y + x4y2.
Note that in this case then the coefficient of y11 in f(γx(y), y) will be
1
2
a4,1a3,2 − a5,1 6= 0 .
So from our assumptions the coefficient of y11 will always be non-zero. Hence this is the
final stratum of this part of the classification.
Lemma 6.131. Assume that γy has Lojasiewicz exponent 8, with f otherwise as above.
The f is Morse equivalent to one of the following:
y2(x+ y2)2 + 2x4y + x6 + xy5 + x4y2(4, 7, 8)
y2(x+ y2)2 + 2x4y + x6 + x2y4 + x4y2(4, 8, 8)
y2(x+ y2)2 + 2x4y + x6 + x4y2(4, 8, 9)
y2(x+ y2)2 + 2x4y + x6 + x3y3 + x4y2(4, 8, 10)
Proof. For γy to have Lojasiewicz exponent 8 the following must hold: a5,1 =
1
2a4,1a3,2,
and a4,2 6= 12a2,3a4,1− 14a23,2. First note that if a1,5 6= a2,3, then f is Morse equivalent to
y2(x+ y2)2 + 2xy4 + y6 + x5y+ x2y4, which is Morse equivalent to y2(x+ y2)2 + 2x4y+
x6 + xy5 + x4y2 using the coordinate change (x, y)→ (y, x).
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Next, if a1,5 = a2,3 and a2,4 6= a3,2 + 14a22,3 then using the deformation
F (x, y, t) = y2(x+ y2)2 + a4,1x
4y +
1
4
a24,1x
6 + t2a3,2x
3y2 + ta2,3x
2y3 + ta2,3xy
5+(
a2,4 − (1− t2)(a3,2 + 1
4
a22,3)
)
x2y4 +
(
a4,2 − 1
2
(1− t)a2,3a4,1 + 1
4
(1− t2)a23,2
)
x4y2+
1
2
t2a4,1a3,2a5,1x
5y + ta3,3x
3y3,
f is Morse equivalent to
y2(x+y2)2+a4,1x
4y+
1
4
a24,1x
6+
(
a2,4−(a3,2+ 1
4
a22,3)x
2y4+
(
a4,2− 1
2
a2,3a4,1+
1
4
a23,2
)
x4y2 ,
which is trivially Morse equivalent to y2(x+ y2)2 + 2x4y + x6 + x2y4 + x4y2.
If
a5,1 =
1
2
a4,1a3,2
a4,2 6= 1
2
a2,3a4,1 − 1
4
a23,2
a1,5 = a2,3
a2,4 = a3,2 +
1
4
a22,3
a3,3 6= a4,1 + 1
2
a2,3a3,2 ,
then using the deformation
F (x, y, t) = y2(x+ y2)2 + a4,1x
4y +
1
4
a24,1x
6 + t2a3,2x
3y2 + ta2,3x
2y3 + ta2,3xy
5+
t2(a3,2 +
1
4
a22,3x
2y4 +
(
a4,2 − 1
2
(1− t)a2,3a4,1 + 1
4
(1− t2)a23,2
)
x4y2+
1
2
t2a4,1a3,2a5,1x
5y +
(
a3,3 − 1
2
(1− t3)a2,3a3,2
)
x3y3,
f is Morse equivalent to
y2(x+y2)2 +a4,1x
4y+
1
4
a24,1x
6 +
(
a4,2− 1
2
a2,3a4,1 +
1
4
a23,2
)
x4y2 +
(
a3,3− 1
2
a2,3a3,2
)
x3y3 ,
which is trivially Morse equivalent to y2(x+ y2)2 + 2x4y + x6 + x4y2.
Finally, if
a5,1 =
1
2
a4,1a3,2
a4,2 6= 1
2
a2,3a4,1 − 1
4
a23,2
a1,5 = a2,3
a2,4 = a3,2 +
1
4
a22,3
a3,3 = a4,1 +
1
2
a2,3a3,2 ,
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then using the deformation
F (x, y, t) = y2(x+ y2)2 + a4,1x
4y +
1
4
a24,1x
6 + t2a3,2x
3y2 + ta2,3x
2y3 + ta2,3xy
5+
t2(a3,2 +
1
4
a22,3x
2y4 +
(
a4,2 − 1
2
(1− t)a2,3a4,1 + 1
4
(1− t2)a23,2
)
x4y2+
1
2
t2a4,1a3,2a5,1x
5y +
(
a4,1 + t
3a2,3a3,2
)
x3y3,
f is Morse equivalent to
y2(x+ y2)2 + a4,1x
4y +
1
4
a24,1x
6 +
(
a4,2 − 1
2
a2,3a4,1 +
1
4
a23,2
)
x4y2 + a4,1x
3y3 .
Now coefficient of y10 in f(λx(y), y) is
1
2a2,3a4,1 − 14a23,2 − a4,2, which must be non-zero
from the initial assumptions. Hence this is the final stratum, which is Morse equivalent
to y2(x+ y2)2 + 2x4y + 2x3y3 + x6 + x4y2.
Lemma 6.132. There is precisely one stratum, y2(x+ y2)2 + 2x4y + x6 + x3y3, where
γy has Lojasiewicz exponent 9 and γx has Lojasiewicz exponent at least 9.
Proof. Assume that the polar γy has Lojasiewicz exponent 9 and γx has Lojasiewicz
exponent at least 9. For this to occur we must have the following:
a5,1 =
1
2
a4,1a3,2
a4,2 =
1
2
a2,3a4,1 − 1
4
a23,2
a3,3 6= a4,1 + 1
2
a2,3a3,2a1,5 = a2,3
a3,2 = a2,4 − 1
4
a22,3
As a3,3 6= a4,1 + 12a2,3a2,4 − 18a32,3 both the polars γx and γy will have Lojasiewicz
exponent 9. As this is true for all such a3,3, the existence of a deformation is trivial.
If a3,3 = a4,1 +
1
2a2,3a2,4 − 18a32,3, then f may be factorised to give
f(x, y) = (xy + y3 +
1
2
a4,1x
3 +
1
2
a3,2x
2y +
1
2
a1,5xy
2)2 ,
which is Morse equivalent to x2y2 using the following deformation:
F (x, y, t) = (xy + tR(x, y))2 .
This concludes the proof of proposition 6.105.
Finally, the case where the quartic term of f has one double root, and two single
roots. By applying a linear change of coordinates if necessary we may assume f =
x4 + x2y2 +H.O.T. .
Proposition 6.133.
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Write
f(x, y) = x4 + x2y2 +
∑
i,j
ai,jx
iyj ,
Note that if a0,5 6= 0 then f is Morse equivalent to x4 + x2y2 + y5 in J5 and hence
also in J6. So we may assume that a0,5 = 0.
Lemma 6.134. If a21,4 − 4a0,6 6= 0 then f is Morse equivalent to x4 + x2y2 + y6.
Proof. Using the deformation F (x, y, t) = x4+x2y2+ta1,4xy
4+(a0,6− 14(1−t2)a21,4)y6+
tR(x, y), f is Morse equivalent to x4+x2y2+(a6,0− 14a1,4y6, which is trivially equivalent
to x4 + x2y2 + y6.
Lemma 6.135. If a1,4 = a0,6 = 0 and a1,5 6= 0 then f is Morse equivalent to x4 +
x2y2 + xy5.
Proof. Using the deformation F (x, y, t) = x4 + x2y2 + a1,5xy
5 + tR(x, y), f is Morse
equivalent to x4 + x2y2 + a1,5xy
5, which is trivially equivalent to x4 + x2y2 + xy5.
Lemma 6.136. If a1,4 = a0,6 = a1,5 = 0 then f is Morse equivalent to x
4 + x2y2.
Proof. f is Morse equivalent to x4 + a2,2x
2y2 using the deformation F (x, y, t) = x4 +
a2,2x
2y2 + tR(x, y). As x4 + a2,2x
2y2 is trivially Morse equivalent to x4 + x2y2, the rest
of the proof follows from transitivity.
Now if a21,4−4a0,6 = 0 and a0,6 6= 0 then f may be written x4+y2(x+ 12a1,4y2)2+ . . . .
We may assume a1,4 = 2. So let f(x, y) = x
4 + y2(x+ y2)2 +
∑
i,j ai,jx
iyj .
Lemma 6.137. If a1,5 6= a2,3 then f is Morse equivalent to x4 + y2(x+ y2)2 + xy5.
Lemma 6.138. If a1,5 = a2,3 and a2,4 6= a3,2 + 14a21,5 − 1 then f is Morse equivalent to
x4 + y2(x+ y2)2.
Lemma 6.139. If the following hold:
a2,3 = a1,5
a2,4 = a3,2 +
1
4
a21,5 − 1
a3,3 6= 1
2
a3,2a1,5 + a4,1 − a1,5
then f is Morse equivalent to x4 + y2(x+ y2)2 + x3y2 + x4y.
Lemma 6.140. If the following hold:
a2,3 = a1,5
a2,4 = a3,2 +
1
4
a21,5 − 1
a3,3 =
1
2
a3,2a1,5 + a4,1 − a1,5
a5,0 6= −1
4
a23,2 + a3,2 −
1
2
a4,1a1,5 + a4,2 +
1
4
a21,5 − 1
then f is Morse equivalent to x4 + y2(x+ y2)2 + x3y2.
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Lemma 6.141. If the equalities from the previous lemma hold and in addition:
a5,0 = −1
4
a23,2 + a3,2 −
1
2
a4,1a1,5 + a4,2 +
1
4
a21,5 − 1
a5,1 6= −1
8
a23,2a1,5 +
1
2
a3,2a4,1 − 1
4
a4,1a
2
1,5 − a4,1 +
1
2
a4,2a1,5 +
1
8
a31,5 +
1
2
a1,5
then f is Morse equivalent to x4 + y2(x+ y2)2 + x3y2 − 1/4x5 + x5y.
Lemma 6.142. If the equalities from the previous lemma hold and in addition:
a5,1 = −1
8
a23,2a1,5 +
1
2
a3,2a4,1 − 1
4
a4,1a
2
1,5 − a4,1 +
1
2
a4,2a1,5 +
1
8
a31,5 +
1
2
a1,5
a6,0 6= −1
8
a33,2 +
1
2
a23,2 −
1
4
a3,2a1,5a4,1 +
1
2
a3,2a4,2 +
1
8
a3,2a
2
1,5 −
1
2
a3,2 +
1
4
a24,1 − a4,2
then f is Morse equivalent to x4 + y2(x+ y2)2 + x3y2 − 1/4x5.
Proof. Necessity follows from the Lojasiewicz exponents of the polars in each of the
strata. Due to the tree of each of these jets having only one polar on each branch,
the other conditions for Morse stability are trivially true. Hence it remains to find a
deformation for each stratum.
The following table of deformations, in conjunction with some obvious linear coor-
dinate changes and the transitive property of equivalence relations completes the proof:
F1(x, y, t) = x
4 + y2(x+ y2)2 + ta2,3x
2y3 + (a1,5 − (1− t)a2,3)xy5 + tR1(x, y)
F2(x, y, t) = x
4 + y2(x+ y2)2 + ta1,5(xy
5 + x2y3) + t2a3,2x
3y2+(
a2,4 − (1− t2)(a3,2 + 1
4
a21,5)
)
x2y4 + tR2(x, y)
F3(x, y, t) = x
4 + y2(x+ y2)2 + ta1,5(xy
5 + x2y3) + t2a3,2x
3y2 +
(− 1 + t2(a3,2 + 1
4
a21,5)
)
x2y4+(
a3,3 + (1− t)a1,5 − (1− t3)(1
2
a3,2a1,5 + a4,1)
)
x3y3 + a4,1t
3x4y + tR3(x, y)
F4(x, y, t) = x
4 + y2(x+ y2)2 + ta1,5(xy
5 + x2y3) + t2a3,2x
3y2 +
(− 1 + t2(a3,2 + 1
4
a21,5)
)
x2y4+(− ta1,5 + t3(1
2
a3,2a1,5 + a4,1)
)
x3y3 + a4,1t
3x4y + a4,2t
4x4y2+(
a5,0 − (1− t2)(a3,2 + 1
4
a21,5)− (1− t4)(a4,2 −
1
4
a23,2 −
1
2
a4,1a1,5)
)
x5 + tR4(x, y)
F5(x, y, t) = x
4 + y2(x+ y2)2 + ta1,5(xy
5 + x2y3) + t2a3,2x
3y2 +
(− 1 + t2(a3,2 + 1
4
a21,5)
)
x2y4+(− ta1,5 + t3(1
2
a3,2a1,5 + a4,1)
)
x3y3 + a4,1t
3x4y + a4,2t
4x4y2+(− 1 + t2(a3,2 + 1
4
a21,5) + t
4(a4,2 − 1
4
a23,2 −
1
2
a4,1a1,5)
)
x5+(
a5,1 − 1
2
(1− t)a1,5 − (1− t3)(1
8
a31,5 − a4,1)−
(1− t5)(−1
8
a23,2a1,5 +
1
2
a3,2a4,1 − 1
4
a4,1a
2
1,5 +
1
2
a4,2a1,5)
)
x5y + ta6,0x
6
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F6(x, y, t) = x
4 + y2(x+ y2)2 + ta1,5(xy
5 + x2y3) + t2a3,2x
3y2 +
(− 1 + t2(a3,2 + 1
4
a21,5)
)
x2y4+(− ta1,5 + t3(1
2
a3,2a1,5 + a4,1)
)
x3y3 + a4,1t
3x4y + a4,2t
4x4y2+(− 1 + t2(a3,2 + 1
4
a21,5) + t
4(a4,2 − 1
4
a23,2 −
1
2
a4,1a1,5)
)
x5+(1
2
ta1,5 + t
3(
1
8
a31,5 − a4,1) + t5(−
1
8
a23,2a1,5 +
1
2
a3,2a4,1 − 1
4
a4,1a
2
1,5 +
1
2
a4,2a1,5)
)
x5y+(
a6,0 +
1
2
(1− t2)a3,2 − (1− t4)(1
8
a3,2a
2
1,5 − a4,2 +
1
2
a23,2)−
(1− t6)(1
4
a24,1 +
1
2
a3,2a4,2 − 1
4
a3,2a1,5a4,1 − 1
8
a33,2)
)
x6
Lemma 6.143. If all the equalities from the previous lemma hold and in addition:
a6,0 = −1
8
a33,2 +
1
2
a23,2 −
1
4
a3,2a1,5a4,1 +
1
2
a3,2a4,2 +
1
8
a3,2a
2
1,5 −
1
2
a3,2 +
1
4
a24,1 − a4,2
a4,2 6= 1
4
a23,2 − 1−
1
4
a21,5 +
1
2
a1,5a4,1
a4,1 6= a1,5
then f is Morse equivalent to x4 + y2(x+ y2)2 − x2y4 + 2x3y3 + 2x4y − x5 − 2x5y − x6.
Proof. First we can use the deformation
F (x, y, t) = x4 + y2(x+ y2)2 + ta1,5(xy
5 + x2y3) + t2a3,2x
3y2 +
(− 1 + t2(a3,2 + 1
4
a21,5)
)
x2y4+(
a4,1 − a1,5 + 1
2
t3a3,2a1,5
)
x3y3 +
(
a4,1 − (1− t)a1,5
)
x4y+(
a4,2 − 1
2
(1− t)a1,5(a4,1 − a1,5)− 1
4
(1− t2)a21,5 −
1
4
(1− t4)a23,2
)
x4y2+(
a4,2 − 1 + t2a3,2 − 1
4
a23,2 +
1
4
a21,5 −
1
2
a4,1a1,5
)
x5+(
a1,5 − a4,1 + t(1
2
a4,2a1,5 − 1
2
a1,5 − 1
8
a23,2a1,5 −
1
4
a4,1a1,5)+
1
2
t2a3,2(a4,1 − a1,5) + 1
2
t3a3,2a1,5
)
x5y+(1
4
a24,1 − a4,2
1
4
a23,2 +
1
2
t2(−1
4
a33,2 +
1
2
a3,2a4,1a1,5 + a3,2a4,2 +
1
4
a3,2a
2
1,5 − a3,2)+
1
4
t4a23,2
)
x6
to show that f is Morse equivalent to
g(x, y) = x4 + y2(x+ y2)2 − x2y4 + (a4,1 − a1,5)(x3y3 + x4y − x5y)+
(a4,2 − 1
4
a23,2 +
1
4
a21,5 −
1
2
a1,5a4,1)x
4y2+
(a4,2 − 1
4
a23,2 +
1
4
a21,5 −
1
2
a1,5a4,1 − 1)x5 + (−a4,2 + 1
4
a24,1 +
1
4
a23,2)x
6
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Now if we let t1 = a4,1 − a1,5 and t2 = a4,2 − 14a23,2 + 14a21,5 − 12a1,5a4,1 − 1 then we
can express g as
g(x, y) = x4+y2(x+y2)2−x2y4+t1(x3y3+x4y−x5y)+(t2+1)x4y2+t2x5+(1
4
t21−t2−1)x6 .
Clearly the deformation
G(x, y, t) = x4 + y2(x+ y2)2 − x2y4 + t1(t)(x3y3 + x4y − x5y) + (t2(t) + 1)x4y2+
t2(t)x
5 + (
1
4
t1(t)
2 − t2(t)− 1)x6 ,
is Morse stable whenever both t1 and t2 are non-zero. Hence f is Morse equivalent to
x4 + y2(x+ y2)2 − x2y4 + 2x3y3 + 2x4y − x5 − 2x5y − x6.
Lemma 6.144. If all the equalities from lemma 6.143 hold and in addition:
a4,2 =
1
4
a23,2 − 1−
1
4
a21,5 +
1
2
a1,5a4,1
a4,1 6= a1,5
then f is Morse equivalent to x4+y2(x+y2)2−x2y4+2x3y3+2x4y−x4y2−2x5−2x5y−2x6.
Proof. First we can use the deformation
F (x, y, t) = x4 + y2(x+ y2)2 + ta1,5(xy
5 + x2y3) + t2a3,2x
3y2+(− 1 + t2(a3,2 + 1
4
a21,5)
)
x2y4 +
(
a4,1 − a1,5 + 1
2
t3a3,2a1,5
)
x3y3+(
a4,1 − (1− t)a1,5
)
x4y +
(1
2
ta1,5(a4,1 − a1,5) + 1
4
t2a21,5 +
1
4
t4a23,2
)
x4y2+(
a3,2t
2 − 2)x5 + (a1,5 − a4,1 + 1
2
ta1,5 +
1
2
t2a3,2(a4,1 − a1,5) + 1
2
t3a3,2a1,5
)
x5y+(
1 +
1
4
(a1,5 − a4,1)2 − t2a3,2 + 1
4
t4a23,2
)
x6
to show that f is Morse equivalent to
g(x, y) = x4+y2(x+y2)2−x2y4+(a4,1−a1,5)(x3y3+x4y−x5y)−2x5+
(
1+
1
4
(a1,5−a4,1)2
)
x6 .
If we let t1 = a4,1 − a1,5 we can write g(x, y) = x4 + y2(x + y2)2 − x2y4 + t1(x3y3 +
x4y − x5y)− 2x5 + (1 + t21)x6. As this has the same Morse type for any t1 6= 0, we may
construct a deformation by choosing an arc t1(t) which is non-zero on |t| ≤ 1 such that
t1(0) = t1 and t1(1) = 2.
Lemma 6.145. If all the equalities from lemma 6.143 hold and in addition:
a4,2 6= 1
4
a23,2 − 1−
1
4
a21,5 +
1
2
a1,5a4,1
a4,1 = a1,5
then f is Morse equivalent to x4 + y2(x+ y2)2 − x2y4 − x5.
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Proof. First we can use the deformation
F (x, y, t) = x4 + y2(x+ y2)2 + ta1,5(xy
5 + x2y3) + t2a3,2x
3y2+(− 1 + t2(a3,2 + 1
4
a21,5)
)
x2y4 +
1
2
t3a3,2a1,5x
3y3 + ta1,5x
4y+(
a4,2 − 1
4
(1− t2)a21,5 −
1
4
(1− t4)a3,2
)
x4y2+(
a4,2 − 1 + t2a3,2 − 1
4
a23,2 −
1
4
a21,5
)
x5+
1
2
a1,5t
(
a4,2 − 1− 1
4
a23,2 −
1
4
a31,5 + t
2a3,2
)
x5y+
(a4,2 − 1
4
a21,5 −
1
4
a23,2 +
1
2
t2a3,2)(
1
2
t2a3,2 − 1)x6
to show that f is Morse equivalent to
g(x, y) = x4 + y2(x+ y2)2 − x2y4 + (a4,2 − 1
4
(a21,5 + a
2
3,2)
)
x4y2+(
(a4,2 − 1
4
(a21,5 + a
2
3,2))− 1
)
x5 +
(− a4,2 + 1
4
(a21,5 + a
2
3,2)
)
x6
If we let t2 = a4,2 − 14a23,2 − 14a21,5 − 1 we can write
g(x, y) = x4 + y2(x+ y2)2 − x2y4 + (t2 + 1)(x4y2 − x6) + t2x5 .
Clearly this is Morse stable for any t2 6= 0, so f is Morse equivalent to x4 +y2(x+y2)2−
x2y4 − x5.
Lemma 6.146. If all of the equalities from lemma 6.143 hold and both
a4,2 =
1
4
a23,2 − 1−
1
4
a21,5 +
1
2
a1,5a4,1
a4,1 = a1,5
then f is Morse equivalent to x4 + x2y2.
Proof. We may factorise f to give:
f = (x2 + y2)(x+ y2 + (a3,2 − 1)x2 + a1,5xy)2 .
This is Morse equivalent to x4 + x2y2 using the deformation
F (x, y, t) = x2 + y2(x+ ty2 + t(a3,2 − 1)x2 + ta1,5xy)2 .
This concludes the proof of proposition 6.133.
This concludes the final case, so the classification of the quartics follows from propo-
sitions 6.70 6.72, 6.81, 6.91, 6.105, 6.133 and lemma 6.71. This also concludes the proof
of theorem 6.1.
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